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Hisiorical introduction. 


The foundations of the science of Hydrostatics were laid down 
as early as 250 B. C. by Archimedes (287—212 B. C.)in his 
treatise on Floating Bodies. He formulated the theorem that 
pressure at any point of a fluid mass in equilibrium is the same 
in every direction. He inquired into the conditions according 
to which a solid body flo iting in a fluid assumes and preserves 
a position of equilibrium, and proceeded so far as to give a 
complete investigation of the positions of rest and stablility of 
a right segment of a parabloid of revolution wholly above or 
below the surface of the fluid,— an investigation which has been 
characterised as a ‘’veritable tour de force” by ^t'ir Thomas Heath,* 
the historian of Greek mathematics. 

In spite of the brilliant and " sweeping range of Archimedes’ 
researches, the science of Hydrostatics made no progress at all for 
a long time to come. For, as Hogben has pointed out, Greek science 
had reached a stage when having been divorced from the social 
heritage of the age it had degenerated into a hobby of the 
unemployed intellectuals of a leisured class. Long long after 
when the Reformation had stimulated interest in the practical 
problems of craftsmen and mariners, the study of Hydrostatics 
was resumed. By the beginning of the 17th century a few hydraulic 
machines such as the forcing pump and the siphon had been 
invented In 1603, Marinus Gbefcaldus in bis ‘Promotus 
Archimedes’ made the first serions attempt to apply the principles 
•already enunciated by Archimedes more than eighteen centuries 
ago. But the laws of equilibrium of fluids were for the first 
time demonstrated in the most perspicuous and simple fashion 
by Blaise Pascal in his posthumous work,— Sur 1’ Kquilifere 
liquers. The Galilean spirit of scientific enquiry aniipatmg 
this wc®k. coupled with.ample erperim^W cm^bniatiott pfihe 

' — " *—■ f — II — M * " -. ■! ' "y t y ' i _i r 
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laws . enunciated invested Hydrostatics with the dignity of a 
science 

The next considerable advance in Hydrostatics is associated 
with the name of Torricelli, who invented the barometer and 
discovered that atmosphere exerts pressure. Here again Pascal 
carried on Torricelli’s work a stage further. It was at his 
suggestion that his brother-in-law, M. Pereie'r, performed the 
experiment of carrying a barometer up the Pury de Dome in 
Auvergne and noting the fall of the column of mercury as the 
atmospheric pressure decreased. 

The problem of equilibrium of floating bodies was taken 
up by Christian Huygens in 1650 after the epic making work 
of Archimedes on the same subject. Huygens treated the problem 
by a new method based on the principle that in equilibrium 
the centre of gravity of the whole mass of the floating body 
and of the liquid is as low as possible. A century later two 
geometrers occupied themselves with this problem about 
the same time; Bouguer in his Traite du Navire, and Euler, in 
his Scientia Navalis. Dupin introduced the surface of floata- 
tion and completed the theorems of Bouguer and thus gave the 
principal general methods now-a-days in use. His memoir with 
the report of Carnot is reproduced in “Les Applications Geometric 
et Me'canique, par Charles Dupin." Bouger was the first to 
study the question of the stability of equilibrium of floating 
bodies; but he only considered the particular case in which the 
displacement was such that the volume displaced remained con- 
stant. Duhameli showed the insufficiency of Bouguer ’s reason- 
ing. He attempted to complete the study of the small movement 
of the system in the neighbourhood of the position of equilib- 
rium; but he made the arbitrary assumption that in 
this movement the pressures can be determined according to* 
the laws of Hydrostatics. Nevertheless the conditions of stability 
of equilibrinm, which he found, are exact. The hypotheses made 

('i) Duhamel ; Note sur divers Principles de Meeanique, observation! 

* Sur la Stabilite de I’equilibre des corps flottants (journal d'Etolli 
Poly technique XXIV Cthier 1835A 
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by Duhamel were criticised by Clebsch^ who saw that certain 
terms neglected by Dnhamel were of the same order of magnitude 
as others retained. Besides, Duhamel did not give under one 
simple form the necessary and sufficient conditions of eq^uilibrium. 

The first rigorous exposition of the theory of the stability of 
floating bodies was given by Guyous following an idea put 
forward by Bravais in his thesis. This theory which rests on 
the same principle as that of Huygens and which is rendered 
rigorous by the theorem of Lejeune-Dirichlet is supported by a 
simple and elegant geometrical demonstration. A very detailed 
history of the problem will be found in a memoir by Duhem^. 

A question of the same category but much more complex, — 
equilibrium of a ship floating in a changing liquid, — has been 
the object of recent studies by Guyou, Duheni, Greenhill and 
Appell. 

Further progress in the field of Hydrostatics during recent 
years has been almost exclusively concerned with the determina- 
tion of shapes assumed by stationary or rotating fluid masses 
subject to their own gravitation. This problem is of particular 
importance in Astronomy and Cosmogony. So voluminous is 
the work done on the solution of this problem that its study has 
by now become a separate branch of higher mathematics. A 
historical account of this subject will be given in chapter YII. 


(i) Clebsh : Uber dai Gieichgewicht schwimmender Kdrper, (jotirnal 
de crelle, 57, i86oh 

Guyou : Theorie nouvelle de la Stabilite de i^tquiiibre des corps 
flottant et Theorie du Navire. 

(4) Duhem, Sur la Stabilite de 1’ equilibre des, Corps flottant (journal 
de Mathematiques, 5® serle, t. I; 1895.) 




CHAPTER I. 

The Fundamental Property of a Perfect Fluid. 


1 1. It is a well known fact of common experience that 
niat.ter so far as we know exists in tliree states viz. solid, liquid 
and gaseous. Matter in the last two states is also referred to as 
fluid. What distinguishes the solid from the fluid state ? 

Matter in the solid state is supposed to be rigid i. e. to have 
definite shape and volume, which are not altered by the action 
of any external forces. Yet, even the hardest solid, however 
rigid, succumbs to the action of force if sufficiently strong. In 
practice, therefore, there exists no perfectly rigid body; solid 
bodies are rigid only to an extent. Still for the purposes of 
mathematical analysis we visualise a perfectly rigid body as 
one which does not yield to the action of any force i. e. the 
particles constituting it retain the relative distances between 
themselves unchanged even when it is acted upon by any force, 
however great. Let us now consider a small plane area inside 
a body. The two portions of the body on either side of it exert 
on each other equal and opposite action. Let this action be 
K Resolve it into two components, T in the plane and S normal 
to it; then T is called tangential or shearing stress and S normal 
stress. The deformations produced by the action of stress are 
called strains. The effect of the shearing stress (T) is to cause 
the portion of the body on either sides of the plane area to slide 
over that on the other side; this deformation is known as shear- 
ing strain e. g. the action of a pair of scissors in cutting through 
a piece of clotL It may be mentioned in passing that the 
normal stress (S) is either one of tension or compression according 

the two portions of the body on either side of the plane tend 
to exert a pull or a thrust respectively on one anoflier. It 
at once that a perfectly rigid body can r.esist sl^arinfir str^.to 
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an indefinite extent. On the other hand fluids i. e. substances 
we have classed as liquids and gases have very little cohesion. 
If a plane is passed through water or air it meets with little 
resistance. Hence shearing stress between the parts of water or 
air is very small. Just as for purposes of mathematical analysis 
we evolved a definition of a perfectly rigid body, so also we 
define our ideal or perfect fluid as one between the various parts 
of which no shearing stress can exist. In other words, “a perfect 
fluid is an aggregation of particles which yield at once to the 
slightest effort made to separate them from each other.*' 

Consider now a small plane area round a point P in a fluid 
mass. The action of the fluid mass on one side of it is a force 
R, having components T along the plane and S normal to it. 
But by hypothesis, since the mass is a perfect fluid, T=0, hence 
the direction of R is normal to the plane. The action of the fluid 
mass on a small plane area is always normal to the plane area. 
Thus the fluid pressure is normal to any surface with which it 
is in contact. 

Actually however, all fluids do more or less offer resistance 
to separation or division e. g, if a jug of coal tar be poured ov^ 
a slab, it takes much longer to spread over the surface than water. 
This is due to difference in the degree of viscosity of the fluid. 
We can amend our definition of fluid in such a way as to include 
fluids of all degrees of viscosity. “A fluid is an aggregation ol 
particles which yield to the slightest effort made to separate them 
from each other, if it be continued long enough”. In a viscous 
fluid at rest there can be no shearing stress as in the case ofa 
perfect fluid. Hence the fundamental property of a perfect fluid 
proved above is also that of a viscous fliid at rest. It follows 
that all propositions in Hydrostatics are true for all flmds::5^^ 
ever their viscosity. 

Remark : — Fluids which are easily compressible e. g. air 
are known as gases; while incompressible fluids e. g. water oi 
mercurv. are known as liauids. A ■nrefec't lintitd ia a 
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fluid whicli is absolutely incompressible t. e. wbicb can resist 
normal stress (S) to an indefinite extent. 

1*2. Pressure. Consider an area A of a plane surface ex- 
];K>sed inside a fluid. We have already seen that tbe action of 
the fluid is a force R normal to tbe plane. If tbe action of the 
fluid on A be uniform, then \ is tbe thrust per unit area. This 
thrust per unit area is called tbe pressure at each point of tbe 
surfaca 

When tbe thrust on a surface is not uniformly distributed, 
then tbe pressure will vary from point to point. Consider an 
indefinitely small area ^A of tbe plane area A round a point P 

and let be tbe thrust on it Then is the average force 

per unit area. In tbe limiting case wbep. S A tends to zero, 

ultimately tends “ P j P defined to be tbe 

measure of pressure at tbe point P. 

1*3. Tbe pressure at any point of a fluid at rest is the same 
in every direction. 


Let 0 be any point in the fluid 
and let us take any three mut ualiy 
perpendicular lines as axes of co- 
ordinates. Consider a small tetra- 
hedron formed by tbe fluid mass 
enclosed by tbe 3 coordinates planes 
and tbe plane ABC. Let Pn p- 2 :P 5 
be tbe pressures on the 3 faces isOC, 
GOA, AOB and 5 , tbe pressure on 
ABC. 



Let A be tbe area of tbe triangle ABO, and Z, n the direction 
cosines of the perpendicular from 0 to the plane ABO and let h 
he the length of this perpendicular. 


Then areas of the triangles BOG, CO A and AOB are r^pectively 
Aw, and A^i. Also the volume of the tetrahedron OA /^1 

is I A ^ 
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Now since pi is the pressure on the face BOO, the force on this 
face is A I acting normally to the face BOO e. parallel to 
OX. Forces on the faces AOB, and AOO have no component 
parallel to OA. Force on the face ABO has a components , — q A I 
qarallel to OA. 

Let the fluid be at rest under the action of forces (X, Y, Z) 
per unit mass. 

Hence the tetrahedron under consideration is in equilibrium 
under the pressures normal to the 4 faces of the tetrahedron 
and the extraneous forces. 

E-esolving along OX, we have 
Pi Al — q A Z+3 A P 

P being the density of the fluid, for the mass of the volume of 
the fluid in the tetrahedron is I A P 

Hence ipi-q) l-\~i P X A=0 (1) 

Now let us diminish the size of the tetrahedron by letting the 
plane ABO move parallel to itself towards 0. Ultimately when 
the tetrahedron is reduced * to almost a mere point, li becomes 
an inflnitesimal and may be neglected in equation (l^, hence 


Similarly 

Hence, i 2 a “ ?• 

But as the three directions OX, OY, OZ are perfectly arbitrary 
it follows that the pressure p at 0 along any direction is the 
same. Of course at any other point, P in the fluid mass the 
pressure may be very different from what it is at 0, this .diffe- 
rence always depending on forces which act bodily on the 
fluid mass. 

1‘4. Density and Specific gravity. 

Density of any homogeneous substance is the mass per unit 
volume of that substance. Hence if M be the • mass of a body 

M M 

whose density is d and volume Y, then or, V = 
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The specific gravity of a substance is th ratio of the 
weight of any volume of the substance to the weight of an equal 
volume of some standard substance. Usually this substance is 
distilled water at 4°G in the case of solids or liquids. 


It is evident that specific gravity of a substance is the ratio 
of the densities of the substance to that of the standard substance. 



where, c? = density of the substance, 

d' ~ „ „ standard substance. 

Since in the 0. Gr. S. system of units = specific gravity of a 
substance is equal to its density. 

If W be thtr* weight of a body whose volume is V and specific 
gravity is S, then density = St?' 

Hence 

1*6. Specific gravity of Mixtures. 


Let i? 2 , ^ 3 ,*.. be the volumes of the different substances, 
and let Sg? Ssi ••• be their specific gravities, and let d’ be the 
weight of unit volume of the standard substance. Let v be the 
volume of the mixture and s its specific gravity. 

Assuming that no chemical action takes place and therefore 
there is no change in the volume, 

( 1 ) 

Also weights of the various constituents of the mixtoe are 
t>i d'^ Vs Ss d\ etc. 

Hence the total weight of the mixture vsd^ must be equal to the 
sum of the weights of its constituent, 

^\vsd^ —Vy Si d'-^Vs Ss 


or, s 


= Sg+Pa 



If, however, there occurs a diminution in the total volume wher 
the substances are mixed so that the actual volume of the mixtiirf 
is a fractional part k of the sum of the volumes of the differen 
components we have 


v-^h ...) 


Hence s= 


z?] a, ^'2 + 
k {v^ -■ *■) 


Exa-nple 1. If the specific gravity of pure milk be 1.031 and 
of an adulterated specimen 1.024, find the percentage of added 
water {u e. the number of gallons of water which must have 
been added to 100 gallons of pure milk). 


Let us suppose x gallons of water are added to 100 gallons 
ot pure milk to have the specific gravity 1.024. 

Total volume of the mixture = lC0+a: 


Total weight of the mixture=(£r+100;X 1.031 'c?' 

specific gravity 1.024 

_(a;+103.l)c?' 

(x+100)t^' 

where d' is the wt. of a unit volume of water. 
,'.£C=29.17. 


Example 2. From a vessel full of a liquid of density P is 
removed ^ th of its contents and it is filled up with a liquid of 

density C7. 

K this operation be repeated m times find the resulting density 
in the vessel. 

Deduce the denisty in a vessel of volume u, originally filled 
with liquid of density P, after a volumes of liquid of density! 
has dripped into it by infinitesimal drops. 
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Let V be the original volume of ihe liquid; — has been remo- 

n 

i and replaced by a liquid of density a; hence the mass of 
the mixture = ( 1 — ~)v9 + 

ft 

mass of the mixture 


density after the first operation 

=(i_l)P+-£. 

^ n n 


volume 


Similarly, 2 = density after the second operation. 

■=(i_i)4+^ 

n 

=(i-irP+(i-i)^+^ 

So, = density after the completion of the m th operation 

= (1--)" p+- 1 1 1 

=( i-h p+^^. ^ 

=(1-Vp+.{i 


( 1 ) 


Cor. If m and n be made to tend to 00 so that — , an in- 

7? 


finitesimal quantity, is removed m times where — v=u, we have 


n 


in 

Lt— — u/ V, when m and n 


n 




Hence from (1) the density required is the limit oi 

(l-i) P + cr 1- (1- i) 

n i : ^ - ;Jt- 
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wlieii my n tend to co in such a way that Lt — 

n V 

—n/v — n/v 

Hence, required density = P e + <7 (l — e ) 


= O' +(P-- cr)e 

1*6. Density of a heterogeneous fluid 




Consider a point P of a fluid in which density varies from 
point to point. Consider ^ m an elementary mass of the fluid 
round P. Let its volume be then if P be the average 
density of the mass ^ rriy 

P^^* ml^ V. 

In the limit when ^ m and 8 v > o, P becomes the 

actual density at the point P. 


Example 1. The density at any point of a liquid contained 
in a cone having its axis vertical and vertex downwards is 
greater than the density at the surface by a quantity varying 
as the depth of the point. Show that the density of the liquid, 
when mixed up so as to be uniform, will be that of the liquid 
originally at the depth of ijth of the axis of the cone. 

i 

Let h be the height of the cone. 


Consider a circular disc of liquid at distance x from vertex 
0 and of thickness dx. Since the depth of every point on the disc 
is (A— £c) below the base, density at every point of the elemen- 
tary disc is the same viz. Po+(A— X, being the density 
at the top. 

Mass of the disc is, therefore, 

{ ^ tan® a dx. 

.-.Total mass = { P^-f \}’^ x* tan^ a dx 

Total volume = tan® a 
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Mean deiisity== Po+ X h 




h 


= Po"{“ X.^ 

= density of tKe liquid originally at tke deptk 
of one-fonrth of axis of the cone. 


Example % Show that the specific gravity of a mixture 
of n fluids is greater when equal volumes are taken than when 
equal weights are taken, assuming that no charge in volume 
occurs as the result of mixing. 



CHAPTER II 

Equilibrium of Fluids. 

2. 1. The Fnadamental Equation of Equilibrium : — 

Consider a mass of fluid, compressible or incompressible, 
homogeneous or heterogeneous, at rest under the action of any 
system ^f given forces. Let the component of the given force at 
any point P (sc, z) along the three rectangular axes be respec- 
tively X, Y, Z per unit mass of the fluid. 

Let P be the density of the fluid at any point P (a;, z). We 

shall suppose that P, X, Y, Z are all functions of {x, y^z) We 
require to find the pressure at any point P as a lunction of 

(*. 3 /. 4 

Let p=/ (a:, y, z). 

Take a point Q a?, y, adjacent to P and with P Q as 
axis, construct a cylinder of the fluid with an infinitesimal cross 
section ct. 

This cylinder is kept in equilibrium by the following forces: — 

( i ) the thrust of the fluid acting along P Q on the cross 
section at P. This thrust is pix=af (x, y, z); 

Hi) the thrust of the fluid acting along Q P on the cross 
section at Q. This thrust is ^'a=^af y, 2 ); , 

iii) the external force acting on the mass of the fluid; the 
component of this force parallel to OX or PQ is plainly XaP^a;, 
being the mass of the fluid in the cyHnder; 

(iv) The fluid pressures acting on the curved surface of the 
cylinder. They have no component along PQ, being everywhere 
perpendicular to PQ. 

« 

Hence resolving along PQ, we have for equilibriun 
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{f{x-{-Sx, y, z)-f (^,y. 2) } 

f(x+So:, y, 2) -f{x, y,g) _p 

O'" Ti 

Proceeding to the limit when 13 made indefinitely small, 

i/ =PX; 
ax 

Similarly, 

=PY, 

dy 

M. =PZ. 

3 z 

In other words, 

5?= P X, P Y,— — P Z, 

3 03 0 y 0 ^ 

Again since, (fp=c?/=(5-^ oj + V 4” 

=P(X 

/. d:^=P {Xd^ + Y dy+Zdz) (2) 

This is the differential equation which determines the pressure* 

Remark : Let PQ be the axis of a very small cylinder boun- 
ded by planes perpendicular to PQ, PQ being drawn in any 
direction. Letjjbethe pressure at P andp-t“<5jp at Q, a the 
area of cross section and 8 s the length of PQ. Let S <Jm be 
the component of the forces acting on the infinitesimal fluid 
mass (^m at P, in the direction of PQ, 

Then as before, considering the equilibrium of this cylinder 
of the fluid we have 

8 p )a— ^a=^g|?w=SPa<ys, 
or, ?=PS d«... ...... (3) 
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Now if (x, y, z) be tbe coordinates of P, then the direction cosines 

of PQ are 4^-'^’. Hence if X Jm, Y ^m, Z Jm are the 

components the force acting on an elementary mass 5‘m in the 
direction of the coordinate axes, then the component of these 
forces along PQ is 

( ^ i+^ If +z i) 


So that 

• ■ S^m=(x|+Yg+Z|)<?m 


Hence from (3) 

dp==9 (X dx+Y dy+Z dz). 

If the position of P is given in terms of the cyHnderical 
coordinates r, and z, and P, T, Z be the conponents of S in 
in the direction of r, 0, z, 


S = p |r + Trf?+ z 

as ‘ ds 


ds' 


for the cosines of the angles made by P Q -with 0 P, PM, (per- 
pendicular to 0 P in the plane Z 0 P), and 0 Z are ^ 

respectively. 

Hence, dp=P (Pdr+Tr de+Z dz) (4). 


Again if the position of P be given by the ordinary polar coordi- 
nates r, 0 and if the components of S in the direction of r, 6, 
and 0 be N, T then 

8 = + N r Sin 6 ^+Tr^. 


Hence, dp>=P (R dr+N r Sin 9 d0 + T r dS j (5) 

2*2. For equilibrium of the fluid we must have 
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X, ^ =P Y,?^=P Z . (1) 
as ay 33 ' ’ 

But p being a function of the independent variables x, y, z 

8^02 02 0^’ 02 0a; 0aj 82’ dxdy dydx 
Hence from (1) we have 



(PY) 


^IPX)_A(PZ)..- (2) 


^(PY)=-liPX), 

0a; ' 0 ?/ 


From these we obtain 

z^-hz 

ay ■‘•^3 3 

-2 


:P( 


aY az 


Y3| 


02 

P 

X 


dx 


,jap 


P( 


0 2 

8Z 


p( 


0a; 

0X 


■) 


ay 

02 ■ 


dy dy 


; 0 Yj 

2x 


( 3 ) 


Remark I. In the case of heterogeneous fluids, whose law 
of (^nsity is known (2. e when P is a known function of a;, y, 2,) 
conditions of equilibrium are given by equations 2, or (3), above. 

Remark II. Elastic fluids under the action of a conserva- 
tive system of force. 


Let V be the potential function of the system so that 

X dx+Y dy-\-Z dz—-dY. 

In the case of elastic fluids we have 
^?=kP 

lence, the equation 4=P^t dx+Y dy+Z dZ) becomes 



V 


k 


Integrating 

-V/k 

p==c e , 


and P e. 
k 


--V/k 


Multiplying equations by X, Y, Z respectively and adding 
we obtain 


-ir^^Y 1 Y' 0X \ T 17 /0X 


3Y 

3.r 


)=0, 


which is therefore a necessary condition of equilibrium. 

The geometric interpretation of this equation is obvious m. 
that for equilibrium to be possible the lines of force, 

can be intersected orthogonally by a system of surfaces. 


Remark I. : If the fluid be homogeneous and incompressible 
i. e. if P is constant the necessary and sufficient condition for the 
equilibrium of the fluid is that (X dx-\-Y dy-^-Z dz) be a perfect 
differential, or in other words, the force system be conservative, 
or capable of representation by a potential function. That is, 
there exists a function Y (», y, 2 ) 


such that X 


Y— 7- 
35:’ 01/’ 


?y* 


For if this is so, then clearly by takingy3=— VP, the equations 
( 1 ) of§ 2.1 are satisfied since P is constant Conversely if 
equations (l) of § 2.1 hold f, c. if the fluid is in equilibrium, then 
there exists a function y? {x^ y, z) 

such that X = ^ Y= i Z = ^ 

P 3a; P 32f P 82 

so4hat the force system is conservative and its potential fimo 


P 
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2. 3. Superposed Fluids ’—Let two fluids be superposed so 
that p, P and (X, Y, Z) are th6_ pressure, density and force com- 

ponents per unit mass of one fluid and y, P', (X, , ) are sun 

quantities for the second fluid. ... 

The two fluids being in equilibrium, we have for the 1st 

= P (X rfa+Y dt/+Z dz). 

and for the second, 

dp' = P' (X' dx-j-Y' dy\^7/ dz) 

Along, the surface of separation S, the difference is zero» 

for any element of this surface must be subject to the same 
pressure on both sides for equilibrium to exist. We have there- 
fore, the result that for any displacement ds along the surface 8, 

P (X dx+Y dy+Z dz) = P' (X' dx-\-Y' dy+Z'\dz\ 

which is the differential equation of the surface of separation. 

Remark I. When the force systems (X, Y, Z) and (X', Y', ZO 
are conservative or derivable from potential functions V and V\ 
we have 


Pt^V-~P' dV' = 0, 

Remark II. When the force system is the same in two cases 
(p-^p') dV = 0, 

Since P~P^?^0, 0 along the surface of separation. 

The surface of separation is therefore an equipotential surface. 

Remark III. If P, P' be supposed to be constants the equa- 
tion of the surface of separation is given by 

PV-PW' = con8. 
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.•.(p-pJ/P = (V„-V), 

giving the preiBure at any point when that at any other poir 
is known. 

Suppose now that by afiy process whatever the pressure { 
Pg is altered to i^o» ^ condition of equilibrium 

established and the value of the pressure at any point P wi 
become 

The new equation of equilibrium is 

P+^p—iPo+^P o) _,y 
p V ^ y 




It follows then that in a liquid in equilibrium any pressure applied 
at any part of the liquid is transmitted equally to ail the parts 
erf* the }iqui(L 


TliB is known as Pascal’s Principle for a homogeneous incom- 
pr^sible liquid and is applied in Bramah’s Press. 

In the case of a fluid in which density P is a function ol 
pr^eure, the ^nation of equilibrium is 






wbm P =/ (j?) and k the pressure at the given point P,,. 


If we now piiMig© the jaressore at to th© 

ci ^ pre^m ai P k ^p4* ^Pt ^vhkh k giv^ by 
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This equation gives in terms of and expresses the gene- 
ralised Principle of Pascal. 


In the particular case, where is inhnitesimally small, 
80 is 

dp Sp , , 

•■•j. / 7 ^)= 7 (F« 



Po+^Po_^ Sp„ 

„ /(P)~/(?’o+e'«Po)’ 


Hence 


P Po 


where o< 0 '<L 


The infinitesimally small variations of pressure* are, therefore, 
transmitted at every point in proportion to the density at 
the point, 

2 . 5 . Surfaces of Equal pressure. In all cases in which 
equilibrium is possible, we obtain by integration 

p=yu !/> 

This shows that locus of all points at which pressure is constant 
is the surface 

/(*. y, 2)=C0!13 \1) 

This is known as a surface of equal pressure. It is evident 
that by varying the value of the constant we obtain a whole 
series of surfaces of equal pressure. 
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If the extern^ pr^are is zero, the free surface is given by 

/ y* 2)=^- 

We skill now prov’e an important theorem regarding the sur- 
of equal prepare viz. *‘The surfaces of equal pressure are 
the surfaces intersdcting orthogonally the lines of force 

Fo^ the direction cosines of (he normal to a surface of equal 
pre^ure a point P U y, ar ■ by (1) proportional to 

1/ 

8x Zz 

But th^ qnantiti^ are respectivtly equal to PX, PY, PZ. 

Hence the direction txjsines of the normal at P to the surface of 
^aal fHT^ure parsing through it are proportional to X, Y, Z. 
The dii^tmn of this normal iij, therefore, also the direction of 
the line of force at P. The line of force at P consequently 
intersects the surface of equal pressure passing through P ortho- 
^ssaily. • 

fi^asurk h In the case of a homogeneous liquid at rest under 
the atlioa of a gi^en system of forc^, the surfaces of equal 
piiaisur© am ^uipotential surfaces. For, we have ah eady seen 
that when P is const nt the svstem of force must be conservative, 

I. e. moi» hare a potential function V. 

:.dp=p (X <ia:+Y rfjrf-Z dz) 

* 

=— P dV 

H"PY=aMia 

if 3P over any ^uface so is Y, and vice 

’fwm 

IL If a fisid at isit under the action of a conser- 

vs4ii«® sjiten^ i£ pressure lure equ^tenthd, 

lyut aJbe of equal 
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For if tbe force-system is conservative, then 

X dx+ y dy+Z dz =-dY 

Hence for equilibrium d‘P=—9 dY. 

Also since the fluid is in equilibrium, is a perfect differential. 
Hence P must be a function of V, for if not — P 6?V, and therefore 
dp will not be a perfect differential. 

Hence both P and P must be functions of V. Consequently if V is 
constant over any surface so must P and P be over it and vice 

are therefore also surfaces of 

re and density in the ease of 
heterogeneous incompressible fluids. — 

The identity of the surfaces of equal pressure and density 
proved in § 2.5 depends on the conservative character of the 
force system. If the force system be not conservative, the two 
surfaces will not be coincident. Suppose we have a surface of 
equal pressure given by 

p=f (ic, z)j where p is taken as constant. - .. (!' 

Let P=0 (x, y, z', be a surface of equal density, 

where P is assigned a constant value (2) 

We require the intersection of these two surfaces which will be 
the curve of equal pressure and density i. e. the locus of all 
points where both the density and pressure of the fluid are the 
same. 

If we consider the totality of surfaces of equal pressure and 
the totality of the surfaces of equal density, these two series of 
surfaces define for us a family of curves whose differential 
equation we proceed to discover. 


versa. Surface|^of equal pressure 
equal potential^qual and-density. 

2. *6. Curves of Equal presai 



dP definiten^ we may aesame to be given by the interesectioi 
*1) and (BX 

Since P and Q are points on the same surface of equal-pressure 
f{x,y,z )=^f (x+di^ z+dz ) 

N^lecting infinitesimals of higher order than the first, 

^fdz'i'^dy'¥^dz=0. 

Bx da dz 


or, ^dxi‘^^dyi'f^z=0, 
a^r dff ^ dz 


cn P (X dx+Y dy+Z dz) == 0 (3) 

Again, dace P and Q are points on the same surface of equa] 
dat»dty, we have similarly 


aP, _,.3P, .aP, 

—dr*-dy+^dz=o (4,. 

d*, dy^ di therefore satisfy equations fS) and 
Hence, 



to from equations (3) of § B'B we have as conditions of equili- 
di fiuid 
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These are the differential equations of the curves of equal 
pressure and density. 

27. Fluids at rest under the action of gravity : — 

Take vertical measuring down wards as the axis of Z, then 

X-Y=o, Z=g. 

Hence equation (2) of § 2T becomes 
dp=9 gd z 

If P is constant i, e. if the fluid is a homogeneous liquid, 

P=^g9 2+0 

Thus surfaces of equal pressure are horizontal planes. The free 
surface must therefore be horizontal. Let us take the origin 
in the free surface and TT as the external pressure, 

then p= TT, when s=o, so that c=TT. 

Hence p=pP 2 !-j-TT. 

If there is no external pressure on the free surface 
p=g P 2 . 

(ii). In the case of a heterogeneous liquid we have 

P dz, 

so that P must be a function of z alone. 

It follows that density and pressure are constant for all points 
in the same horizontal plane. In other words surfaces of equal 
pre^ure and also of equal density are horizontal planes. 

iiii.. In the ease of an elastic fluid, 
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g*/k 

or, P=c 0 

the sxtrfaces of eqnal pressure are again horizontal 


Ex- 1. A mass of firdd rests upon a plane subject to a 

antral attractive force^, situated at a distance c from the plane 

tiifi opposite to that on which the fluid is ; if a is the 
rdOlm d the firee sph^cal surface of the fluid show that the 
at any point is given by 



o 


dp= — 



'naBifp=oongL, r=ocwi^ go tliat locns of all points at 
prarape d the liqmd is the e^ne is a sphere with 
preMre is thi^^ 
li a k m^im m, gi^ W 

« fi p{i — I) 
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This gives pressure at any point of the fluid. 

Ex 2 A mass M of gas at uniform temperature is diffused 
Aroughali space and at each point (a>, y, z), the components 
of the force per unit mass are —Ax, —By, — Cz- ® pressure 
mi density at the origin are p, and P, respectively. 

Prove that 

A BO Po M* = 8 ^ 

have by equation (1) of § 21 

fjlp=: — p (A X d oj-hB y d y+0 ® d 

and p=AP 
, dp „ 


V 


A X d oj-i-B y d y-j-O z d z 

_ 


or 


. A fli^j-|~B .v*4"0 \ 

p=De 


Since p=Po and P = Po when x-y=z=o, 

p„=D,|-°=&. 

— Bo ) 

e 

Accordingly, P~Po 

Also density at any point (x, z )is given by 

p=p.' 

Ifow^ the total mass of the gas diffused throughout whole space is 
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Po (A a;®+B y^-\-Qiz^ 
^Po 

dx dyd 



— o> dx 


X- 


00 

00 



dy J 


00 CP„ 

® “Po 



p f ^*P°° \4 

° 'ABCP/ ’ 

^ABCF, 


.■.ABCP„M»=8’rp, 


8 


Ex 8. A compressible liquid is at rest under gravit 


Defining the compressibility, k, by the relation 


P— P, 


■h (p—p 


'Where P, P are the density and pressure, respectively, and f 
and Po refer to the free surface, and assuming Jc to be constar 
that at a depth z below the free surface 


%=p^{i+k(^-p.)] 

and hence that P—P^ e 

A n ame riaaft has the same horizontal cross section at aU dept! 
It is fiUed with water to a depth h. Show that if the densit 
of water everywhere equai' to that at the surfat 

tto y^m wo^ rise in idie shaft a Stance . It m; 

4f 

heiWi^ti^4»v^«malL (Tripos Part I 1925. 
^;her A^^pliied 198?). 
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with a force which varies inversely as the cube of the distance. 

Ifthe pressure on any element of the surface about a point P 

be resolved along PO, prove that the whole radial pressure 
thus estimated, is constant, whatever the shape and size of the 
surface, it being given that the pressure of the fluid vanishes 
at an infinite distance from the point 0. 

Take 0 as the origin and use S-dimensional polar coordi- 
nates. Equation (5^ of § 21 gives 

*= - p 

Hence, P = 

But p=o, when r— > oo, 



Consider now any surface and let where 0 P-r, be any point 
on it. Taking an element c? 8 of it we find that the radial 
pressure along 0 P is p cos e, e being the angle between tb 
normal at P to the surface and the radius vector 0 P, 

Hence the whole radial pressure 
= P ^os B dS 

=i 

f pJ^ftlldS (1) 
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Heau^ ilie ernface integral (l) becomes 

?/// 1 4 ^ * '*'s * 1 * 

=4t‘Pj"JJ" ( ^ ^ '*'y» dy 




Nc^ t Tbe whole radial pressnre has no physical signi- 
icaaoe whatsoever, being merely a sum of the magnitudes of 
a Btanber of forc^ acting in different directions. 

Ex. 5. A hollow sphere of radius a, just full of homo- 
g^neoiffi iiquM of unit density is placod between two external 

centres of attractive forces ~ and distance c apart, in such 

T * 

a poaiticm that the attraction due to them at the centre are equal 
end opposite. Prove that the pressure at any point is 

JL* 4-^* (t*+i*0* 

{ (t‘+i»')*o*+|.|.'e* } 4 

Lot A, B be the oenfres of farce and 0, on A B be the centre 
AO • 

of thnu m given by 

AO**^OB** 


c * 


it w 



-ft. 


or AO = 
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dr' [ density being 1. 


To determine the constant G, we observe that since the sphere 
is only jnst full, there must be a point on the sphere at which 
the pressure p is zero. 

K the bipolar coordinates of this point, Q be then 

C ^O... •••«*«( 1) 

♦*1 ’*1 


Also if OQ makes aiL angle B with OB, then 

— 2a.OB cos B ,a\ 

=0A®+a®+2a OAcoa ^ ) 

Evidently Q is the point on the sphere at which p is minimum, 
so that dp=-o. 


Hence '^dr -f — ^dr^^ =o.. 


From (2> dr'-^ = 


a.OB sin B dB 


dr = gQA sin B dB 


Hence from (3) we have 





or finbstoting the valnes of OA and OB we get 
a (|i*— |i ^®)=2 cun' {^8 6 ( 5 ) 


>*1 ^ 1 

' (n+lii) 
^ / 


^mby( 4 ) 






'M 


1 


, u 

OB® -\-a^ — 2a OB cos B f , 


Sdfc^tuting for OB and for cos 6 from (5) 


ii'(n 4 -n') 


nJV 4 *nO' 




Hence, p = 

r r 


Vnn' (n+nO° i 

{ (n+nO" i ^ 

Vnn^ (n+nd^ , 
n+n'f } ^ 


Sx. 6. If tbe components parallel to the axes of the force 
mdng m an dement of flnid at (a;, z) be proportional i 

^4-21^4*2®, 2®d-2n2a;+a;®,a;^d-2oa;y-f 1/2^ 

^ncfw that eqnilibriimi is only pebble, if 


2 X= 2 |i= 2 o==|. 


IW tko most general poesible expression for the density o 

^ Snid. ^ 

Ktto^ns^ a|2^ from the plane a+»+z=o, th 

*arr8tBf«f|iipM«RBe and density wfll be crirdea. 

Bqnrtiaw 18) of I 8-2 giye fir eqnaftriim 
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or, £ (i2-y)+2S:Xyz(*-y) 

+ £ (y^+z^) (h — v)®+2a:ya 

• or, £ y« {}i-«)+£(«®-t'®)+2S:Xjtz (z-y) 

-\-^x {y^-\-^) (j* — t?)=o 

or, ^ 2^2 (y—z) (1^2X)4* ^ a;( 3 ^^-l- 2 *) ( |4 — 
or, ^ y^z{l-\-\k)-z^y (l-X--i;)=o 

Hence I— X — fi=o, 1— X — t;=o, 
and 1 — |i -~ t; = o, 1 — — X=o, 
and 1 — t; — X=o, 1 — u— } a=o, 

X = ji = t?=^ 

Thus the necessary condition for equilibrium is 
2X^2j4"2V"1. * 

We have, therefore, from Equation 2 of § 2.1 
dp = P dx~^Y dy-h^dz) 

==PA; ^ {y^-\-yz’\-z^)dx, 

where X^Jc {y*-\-y^~^^^) ©fc. 

In order that equilibrium be possible we must have P such a 
function of aj, y, 2 , that 

is a perfect dilfferential, 
Qa,joi<f>{x,y,z). 
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'Hiat this primitiTe does exist is known for the condition of 
integndri]i^,( which is the same as the condition of equilibrinm 
ex{mesed by Equations 3 of § S'S), is satisfied. 

Treating z as constant in the Ist instance, 

(y’+yz+a’) ifa:+(z’+za!+*’) dy—o leads to 

£tl!±* =u=cat». 

«* — 2 %y—xz—zy 


* i?— 2 ^ 0^ xy — xz— zy 1 *'^ ' 

, ^ g— 2 g 

02 2 « y— flJ z-zy)^ * 


Hence if we mnltiply (1; by 
i) beeoii^ 


{ 2^ —2 a; y — X 2—2 y } ^ ’ 


0a 

02 


^ By ^ (z®— 2 Xf/— 


(z ®— 2 xy^xz-^zy)' 


or, 




da: 4 - + 


(fl;*4y* — 2 g — ^2 y — 2* ) 
( 2 ^ — 2 X y^x 2 — 2 y)^ 


d 2 -|“ 


(a; 4 y 42 y 


(a^ — 2 X y~ X 2—2 y)' 


dz=o 




3 y 


02 


crt^+d«=:0 


Of, 


or, 

® I r® 
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, .00 y + y *+2 

Zx {x-\-y+zy 

Hence P ^ z-\-z^ ) dx becomes 

or, P (as+y-l-^)^ d <f> 

,'. ^=P Aj (aj+^-f-e)^ c?^, where 

g y+y g+g 

la5+y+js}° 

It follows, therefore, that P must be some function 

of^orof py+ygt f ^ ] 

i. e. P (a,+y+*)“ =/ ( ) 

J aj + J^ + z 


Hence P= 


(x + y-i-z) 


>/< 


g y+y g~f g jg 


), 


giving the most general possible expression for the density of 
the fluid in equilibrium under the action of the given forces. 
Curves of equal density and pressure are given by the differen- 
tial equations, 

dx dy dz , 

“ dX~Zr^ 0 Y _ 3X 

dy 0z dz djf dJ( 0y 

which become in the present case 

dx djf dz 
y—z z— a; x—y 

dX'^ dy + dz .... (i^ 
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Eq. i) leads to j:+y+^=con8; and 
Eq. (ii) leads to ar^+j^’+afcconft 

rhos the enrveB of equal pressure and density are circles. 

Ex. 7. If a fluid is at rest under the action of a system 
of lorcae whose components along ihree rectangular axes are 
l^pcrtonsi to 

la P-h z), (c :r), (h a;— c y) 

i&ow that in carder that eqnilibrinm be possible density must 
be to 

a f—b z / 

F being any arbitrary function. 

that the ^68 of equal density and equal pressure are 
lines. 

Ex* S. Find the Take of pressure at any point in the 
proceeding exampla 

aj a 7 — b ^ a ^ ^ 

Ei« 9* A fluid M in ^nDihrinm under a given system ol 
feoeg; if Pj =0 z\ P, (x, y^ t) be two possible values 

of at any point, show that the equations of the 

rt&cea d caiifl mressore in either case are given by 

# C^, r, ^ (j:, sr, z)=:^(^ 

X hexng 1^ adbibnuy coni^ 
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tha pressure is ^ and the density P^, The gas is now removed 
from the action of the forces and confined in a space so that 
it is at a uniform density P^. Prove that the loss of intrinsic 
potential energy by the gas, due to expansion, is 


r r 


j j 


% 


PJ 

""dv, 


where the integrations are taken throughout the gas in its 
original state. 

Ex. 11. A uniform spherical mass of liquid of density P 
and radius a is surrounded by another incompressible liquid of 
density c and external radius i. The whole is in equilibrium 
under its own gravitation, but with no external pressure or 
forces. ^ Show that the pressure at the centre is 


TTp* 


a 




'IT 


{ 


a' 


fP— cr) + j (a + 5) I {h — a) 


For our purpose we may assume that a liquid of density (7 
occupies the entire space enclosed in the outer sphere of radius 
h and a liquid ol density P — cr occupies the space enclosed in 
the inner sphere of radius a. 


Hence gravitational attraction at any point of the fluid 
inside the inner sphere is 


4 ^ 

3 


r 


(P— Of) r = 



r being the distance of the point from the centre 

Also flie gravitationaf att^ction at any point inside the outer 
sphere and outside the inner snhere is 



HdtL06 prefiBiMTe at anj point inside the inner sphere a 
giren bf 

^jpsr: — P r dr... (i) 

and &t my p<^t onteide the inner sphere but inside the ontei 

I ar + (P — <t)^ I (ii) 

p==c^ I being the presure at the centre. 

Thai gires the presure at any point inside the inner sphere. 

Heaioe presure on the boundary of the inner sphere is 
o^2jP*a* ... ... ... (iii) 


Again presmire at any point outside the inner sphere but insidj 
the ester is giren by 

, = «, whea r= i 


, 4 » ( <ri» , oM 

a — (P_(t) -r I 


-A ^ 

+^a( P-a)a»(-i-| 

£1^^® st bomidary the the two liouids i . a 

r*»ap' 
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c = y P* a* + y ^ jo* (5+a ) 4-~^(P — ] (i— a) 


Ex. 12. Two homogeneous liquids of density P and P^, and 
Tolumes V and Vi, are superposed in a cylinderical vase having 
the form of a cylinder ot‘ revolution with vertical generators. 
The upper liquid is simply heavy, but the lower liquid P^ is heavy 
and in addition its elements are attracted by the centre 0 of the 
bottom of the vase, the force of attraction being proportional to 
distance and mass. The attraction of the point 0 on a unit mass 
at unit distance is X. Determine the figure of equilibrium and 
the law of pressure. 

Ex. 13. A uniform incompressible fluid is of mass M in gra- 
vitational units, and forms a sphere of radius a when undisturbed 
under the influence of its own gravitation. It is placed in a weak 

r" 

field of force of gravitational potential ^ n.i Sn (9, 

SL T' 

(n>l)i where r is measured from the centre of Ihe mean spheri- 
cal surface of the liquid and the squares of quantities of the type 
can he neglected. Prove that the Equation of the free surface is 



H^ 2n + 1 
M2n- 2 


Sn («, 


B, being a Spherical Harmonic of nth order. 
Let P be the density of the liquid, then . 

pT 

M=3-a»P 

Let the E(|ti&tioii of the free surfrce be 


... ( 1 ) 


a =1 + s a. S. (9, «), 






( 2 ) 
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to b small, we may <x)iisider that the potential is the same 
m that of a solid sphere of radius a ;plus the potential of a distri- 
bution of matter of surface density a P 2! S„ (0, 0) spread over 
the sph^a It is known from the theory of Potential that 
pc^ntklof a sohd sphere of homogeneous density P at an 


mtemal pc^t is 2 ^ P a*(l 



Likewise the potential of a 


dbfenbutkm of matter of surface density 


( 0 , 0 ) 

ow a sphere of radius a is 4^ Pa* ^ 2w-H ^ a ^ internal 


1 he tc^I ptential of the external field and that of the 
grarita^oa of the liquid is, therefore, 

3a a a a 

Kow we know that in the case of liquids subject to a con- 
tsrraiiTe system of forc^ derivable from a potential functiou Y, 
we have 

I =:con8t=r- 

If over the surface, the Equation of the free surface 
is* therefore, r={7 

0 -~~)+4^Pa* 5!?^^ i I j 

^ 2a+l a a ^ 

Ib idfonfioal whh the ^uation » =i-^ ^ cl ^ 

Cl 

immmf imd si^idbnt. 
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,\ari 


. 

'2u-2’ 


Hn 2n-|-l 

4'^a^P 2n-2 M, 


by ( i!) 


3 


Heuce flie Equation of the free surface is 


r 

u 


= 1+^ 


2n+l 

2n— 2 


(^, 0) 


Ei. 14, A solid gravitating sphere of radius a and density P is 

surrounded by a gravitating liquid of volume ~( — a® ) and 

3 


density cr. The whole is placed in a field of force whose potent- 
ial is ^w*r“ [1— Pj (eos e)]. Shew that the form of the free 
surface of the liquid is a spheroid of small ellipticity 6 given by 


t=h J 1—1 E Pa (cos 0 ) } , 


where 6 = 


15co^5^ 

d'"' { 5(P~or)a®+2or6® } 


P a being Legendre’s coefficient of the second order. 


2.8. Rotating Fluids.— If a particle of mass m moves in a 
circle of radius r with ooristant angular velocity oi, the effective force 
^iing on the particle i. e. the product of mass and its acceleration, 
is 7?i acting along the radius and directed towards the centre. 
Consider now a quantity of fluid revolving uniformly and without 
any relative displacement of its particles i. e. as if rigid, about 
a ^fiied axis. The effective force’ ’ on any particle m of the 
fluid is directed towards the axis, where r is the distance 
of particle from the axis and is the angular velocity of the 
fluid. This force must be supplied by the external forces and 
fluid pressure acting on the particle. Hence the resultant of the 
external forces and fluid pressure on the particle is a farce-«^ai*r 
aoimg tomrds the axis. It follows then that the fluid pre.esiu'e, 
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s^f equations of §2. 1 provided that we consider each 
as swjted on by a •force per unit mass from the 
uTift in additkin to other forcea 

Take the axis of rotation as z axis. If the system of exter- 
nal ff^c^ acting on the fluid is derivable from a potential 
the equation of equilibrium, therefore, becomes 

4p=P { tX4'»i)d^+(Y+"®y)c?y+Z^i2 } 

=P { ("U + «*» y*+{— dy-'^ds ) 

c=— PJ { 

Ch -p+iV— itti*(ir*+.r®)l=<^ns, 
aiiuming P to be constant 

ftiB th^ fluid pressure is the same as in the case of a 

iiad al to an exi^al force denvable from a potent- 

miMr 

*1^ ^«at d rotatma is, therefore, merely to add an additional 
r*-f ) to the potential of the external system. 

"Mx* 1* A l^mc^eneonB ma^ of liquid contained in a vessel 
npfdves with uniform angular velocity w about a vertical axis 
1M at mj pdlnt and the surfaces of equal pi^ure. 

Tdm iai axfctf iciatim direejted varfro^ upwards as 
aj»«dl the h^bssl point ol the axb as Potential V of Hie 

exlsfi^ Ibm iplom is ek&rly 
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■or, p=P { } -\-c 

Surfaces of equal pressure are parabloids of revolution. 

Ex. 2. Liquid is rotating as if solid with angular velocity 
w about a vertical axis. Shew that the free suiface is formed 

^ 2(7 • • 

by the revolution of a parabola of iatus rectum about its axi& 

(Tripos part. 1 1924) 

Ex. 3. A mass m of an elastic fluid enclosed in a cylinder 
of radius a and height A is rotating round its axis, which is 
vertical, with uniform angular velocity w. Prove that density 
at any point distant r from the axis and at a height z is 

c/k — 2gz 

^ 3 2Aj 


Where c is given by the equation 


w 


2^F 

gvf 


c/h 

e 


w~a^ 

(e - 1 ) 


(l-«* ) 


Ex. 4. Prove that the common surface of two homogeneous 
liquids of densities P and P^, superposed upon one another in a 
vessel and rotating with uniform angular velicity w about a 
vertical axis is a paraboloid of revolution. Find the Iatus rectum 
of the generating parabola. 


(Hint use §2. 3. AnS. 

w 

Ex. 6. A mass m of elastic fluid is rotating about an axis 
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m* 

iarnsr axis of rofatioct as axis and the centre of 
^ M as the origiDj we have from the eqnation 

<rf prewar^ 

. 4 ! I i 'Wt 

where i '^ential of the external forces acting, 

cr, h log P=c V ' 

~YA 

P=/te 

ifjt* p4>tential of the attractive force is |p{ ) 

$ad that dtu* »o th^ “wntrifugal force” of rotation — /*) 

I “ v^W+ j- 

thd whdc tnasB is 
m — f f dxdr dt 

» r« — ife { (p— o’) (s’+^^+ps? } 

I • dx dy dz 

m I e© 



^ 4-7 


•w 


+y*;=& log I 


p(lA— 

SttS - 
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=8^ 


V2k’f T 2 


2i/ \i-w‘ 


Vak’T 1 


t 

L 


J 


d 3 


vr 

The Equation of a surface of equal density P is, therefore, 
(n— M*) log ~ 


= ^ log 


f m^(|i — 

87r3ji.3p2 



Ex. 6. A conical vessel of height h and vertical angle 2(t 
contains water whose volume is J of the cone ; if the vessel and 
the water revolve with uniform velocity Wj and no water over- 
flows prove that w must not be > 1 1 ^9 cot a. v/ 

V U 


Ex. 7. Liquid is contained in a thin circular tube in a Verd- 
es plane which can rotate about the vertical diameter. If the 
liquid subtend an angle 2ci at the centre, show that it wUl sepa- 
rate into two parts when the angular velocity exceeds 
a being the radius of the circle. 

(Hint: the liquid will first separate when the pressure at 
the lowest point is sero.) 

Ex. 8. Tke whole circumference of a circle and a 
- .1 by fine uniform tubes communicating fi;eely 




, aboat the diameter, where a is the radius and 

♦ is the unit circular measure i. e. a radian. 

Let 0, be the centre of the circle and M its lowest point 
Let P and Q be the points on the circle up to which water rises 
whan the water in the diameteral tube is just driven into the 

circumference. Then clearly arc AP=arc BQ=?. Therefore 

2 

<AOP=:<BOQ=^, <f> being a radian. 

Taking 0 as origin and the downward vertical as z — aTi'a 
we have 

0 being a constant. 

Smce the pressure ^j^at P must be equal to that at M, we have 
^ =^+ite*(o)4-c 


J S 

V a(l-8i; 


sin 0/2) 




^9. A circiibr eyKnder with an op^ top is filled wfifc 
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the liquid with angular velocity w about its axis which is vertical. 
Show that a volume {^w^a^P)l4g will run out, a being the radius 

of the cylinder provided that w^_< 


Examine the case when w^> 



a* 


Ex. 10. A cylinder of radius a is filled with water to a 
depth h. A fine vertical tube is at a distance c? ( Z a) from the axis 
of the cylinder and communicates with the bottom of the cylinder. 
If the whole is made to rotate uniformly about the axis of the 
cylinder show that the angular velocity w necessary to make 
the water rise in the tube to a height x above the bottom of the 
cylinder is given by 

zo* ^ )= 2g {x—h) 

Let X be the height of water in the 

vertical tube MN at a distance d from the ^ r 

axis OA of the cylinder. Let BAG be 

the free surface of the water in the 

cylinder when the system is revolving ^ 

with angular velocity w. Take 0 as 

origin and the upward vertical as axis of 

z, the equation of pressure is 

= — gdz + w*rdr 
.'.-f- — C -r-gz + ^ 

At N the top point of the vertical tube up to which water risai 
and OM=(?, jt>=TT the pressure at the free surface. 
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If &B height of B or C above 0 is k, then 

p = C — i ••• ■" 

The equation of the paraboloid of free surface viz BAG is therefore 

cloMrly 

g {k — e) + i (r®— o®)==o 

or, r® = ^ ( 2 — ) 

Kow ^ Volume of the liquid 

=Volume of the cylinder GHBC — paraboloid ABC 

s= a* k — /r^dz 


2<r , j 

{z-k + dz 


w®a* 




Bat tiie volume of water was originally 






ori=i+ 


w*o* 


How ffithfracting (1) frwa (2) we have 


g{x — 4) -h i w* Co’ — d*) = « 
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Hence by (3 ^ we have ■ 

j)= % — ^)- 

Ex. 11. A straight tube AB of thin uniform, bore is closed 
at the lower end A and filled with water. The length of the tube 
is I and it rotates with constant angular velocity w about the 
vertical through A, to which the tube is inclined at an angle CL 
Show that no liquid excapes if 


^ ^ g cos a 

w‘< j — • „ ; 

— I sin a. 


and that all the liquid escapes if 




2g cos a 
I sin a 


Ex. 12. A uniform semi circular closed tube of radius r is 
tightly filled with equal volumes of two fluids of densities P and o 
respectively which do not mix, and is rotated with angular 
velocity w about a vertical radius making an angle c with the 
line of symmetry. Prove that the pressure at the two ends will 
be equal if 

— ^ f _ px _ g P 

2g cos a + sin <z cos a — sin a 

the fluid of density a being the lower of the two, and the con*- 
vexity of the tube being downwards. 

Ex. 13. A fine straight tube of length I, closed at both ends, 
and inclined to the vertical at an angle a is just filled with a liquid 
of density P. If the tube is rotated with unifrom angular velocity 
to round a vertical axis through the lower end, prove that the 
I»^S8sure at the highest point is 

i Pto* sin a cos sin%}^- 
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provided that io*3> g cosct/l sin® a. What is the pressure if 
< tiiis value. 


Ahf. i Pw® sin^ a (Z“ — 


2gl cos g . 
tc® sin^o^ 


Ex 14. A hollow sphere of radius a, half filled with liquid, 
k ma^ to rotate with angular velocity w about its vertical 
{hamper. If the lowest point of the sphere is just exposed, 

jpfOVO 


2g=a Mr® ( 2 — <4 ) 

^ 15. Prove that, if a mass of homogeneous liquid rotates 
ahout 83| axis and is acted upon by a force to a point in the axis, 
vai!|mg ittversely as the square of the distance, the curvatures of 
the maklian curve of the free sur&ce at the equator and pole 

asto raspectively where a and h are the 

aqokonal and polar radii, and tn is the ratio of the centrifugal 
finro at die equatcnr to the attraction there. 



CHAPTER Hi 

Fluid Pressure on Surfaces 

3.1. In the previous chapter we saw how to calculate the 
pressure at any point of a mass of fluid at rest. We shall now 
consider the problem of finding th? resultant of the pressures 
exerted by fluids at rest upon surfaces with which they are in 
contact. Take first the simple case of a horizontal plane surface 
A B at a depth d below the surface 
of a homogeneous fluid at rest under 
gravity. At any point P of this 
surface we saw that the fluid pressure 
is y P d, P being the density of the 
fluid. The direction of this force is 
normal to the surface i. e. vertical. Hence if we consider an 
infinitesimal area Bk of the surface round P, the force on this 
infinitesimal area would be ^ P d ^ A, acting at right angles to 
the plane. 

Splitting up the surface into an infinite number of such infinite- 
simal areas we fimd that the problem of finding the resultant 
fluid pressure is just the same as that of finding the resultant of 
pawdlol forces like^Pd Bk acting all over the plane. How 
the resultant offthese parallel forces is known to be 

a d 9 Bk 
g9 d z 

since d is the same for every point of the horizontal plane surface 
we sure considering, 



« P d A, 
A is the whole area of the nlam 
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3.2. Let VB now take np the more general problem of 
plane surface of any kind in a fluid at rest under the action of 

any given forces 

Take any two rectangular lines in the 
plane as axes of z and y. Cbnsider any point 
P {«, y) of the plana The pressure (i. e. for^ 
exerted by the fluid per unit area) at P will 
■dpend on the forces which act upon the fluid q — ^ 

and maintain it in eqnilibrium. Let it be p, which will in 
general be a function of (x, y) and the forces acting on the 
fluid. Moreover/its direction will be normal to the plane. Consir 
dering as before an elementary area dz dy round P we see that 
the force acting on this area will he p dz dy at r ght angles 
to the plane. If we imagine the plane to be split up into an 
indefinite number of such plane ax^, to each such area there 
will correspond a force of definite magnitude and normal to the 
flme. We have, therefore, to compound an indefinite number 
dfafch parallel forc^; the resultant is, therefore, 

ip dz dy 
=ff p dx dy. 

M we had i^d polar coordinates, we would have considered 
an area rdBdr round P and the expression for the resultant 
pr^ura would have been 

SX P fdQdr. 

l^mark'— If a homogeneous fluid is at rest under the action of 
gravity al(HM‘, g 9 z wh^e z is the depth of the point P 
below the horisBcmtal pirfiaca Hence the resultant pressure 

— S g9 z 9 A, SA an infinitesimal area round P* 

s=g P s; « 
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= ^ P z A, wh.6re A = whole area of the plane, and 

Z = depth below the horizontal of the centroid of the 
plane. 

Ex. 1. Calculate the pressure on a triangular lamina 
immersed in a fluid of density P. 

Let the depth of the 3 vertices of the lamina below the 
horizontal surface be d^. 

i-- Then the resultant fluid pressure P A 

where A = area of the triangle, for, z = ^ 

Ex. 2. ■ Prove that the pressure of a parabolic lamina 
bounded by latus rectum and inclined at an angle 9 to the 
horizontal is % gP (d + % a sin 6) where d is the depth of 
of the vertex and 4 a the latus of the lamina. 

Ex. 3. An isosceles triangular lamina is immersed in a 
fluid vertically vrith its vertex coincident with the surface 
of the fluid, and base horizontal. Find how to divide the lamina 
so that the pressure on the upper and lower portions be in the 
ratio of 1: «. 

3*3. Centre of pressure. While dealing with plane surfaces 
immersed in fluids we were able to deduce a simple formula 
for flnding the magnitude of the resultant fluid pressura We 
have now to investigate the line of action of the resultant. So 
&r ^ the direction of this resultant pressure is concerned it 
must be normal to the plane. Hence if we know the point 
of the plane where the resultant of the fluid pre^ure , meets 
it, the line of action of the resultant is known. This point m 

knowri tbA n-f wrottanira Wb inaV IwtAH-V flA 
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equivalent in all respects to the fluid pressures on the surface 
0^8 the plane surface. 

Take any two rectangular straight lines as axes of x and y 
in the plane surface. I^tpbethe fluid pressure at any point 
P (x, y) tl» plana Then the fluid pressure on an infinitesimal 
area dxdtf round P will be jp rfx cfy. We have thus parallel 
fiMcee like j? dx dy acting at P (x, rj\ 

%e reeuitant fluid pressure will therefore act at the point 
(i, f) whwe 

. %.px dx dy ~ ^'S. pydx d ^ ~ * 

^ pdxdy ’ ^ Xp dxdy 

_ ffpx dx dy f S Py 

f f p dx dy ' Sf p dx dy ’ 

the field of integration being the whole area of the plane. 

Hence the coordinates of the centre of pressure are 

i y’y' pg dx dy f Spy dxdy \ 
ff'p dx dy ' f/pdxly 

Unng polar oocnrdinat^ we<an similarly prove that the cartesian 
eoordinatee of the centre of pre^ure are 

’ t «/*■/’ p eos 6 dr d9 J'J' p atn 9 dr d9 ^ 
SS pT dr d6 ’ SS P ** dr dS 

Bcfsoark 1: If a homogeneous fluid is at rest under the 
ae&n of gravity dkme i^np=y P z, where z is the dept h of 
the pc^ hdkHT tim mtfam. Hen<» 

' -J'J'* -J'fn^dx ds 

Ren^trk 2: Let im take tiie line of iatereeetikHi <rf ths 
j^ane with the horacratal srofisKse as O Him z, the 
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<^P below tbe surface=j/ sin B where B is the incliaation of 
the plane to the horizontal, 

' _ y ” B dxd y _ SS^ y 

Hence j-j- ^ e dx dy X X y dx oy 

- ~ff .V° si n 6 dx d y _ff dec d y 
^ f f y sin B dx dy f f y dx dy 

This shows that the position of the centre of pressure relative 
to the plane is independent of its inclination to the horizon. 
It follows accordingly that if a plane area be inamersed in a fluid, 
and ^n turned about its line of int ersection with the surface 
as a fixed axis, the centre of pressure relative to the plane 
will remain unchanged. 

3‘4. In the case of . plane lanoina SS y"^ dx dy m plainly 
the moment of inertia of the lanoiina about 0 x. 

• — y^ dx dy _ A 

^ S S y dx dy Az' 

wher? A =area of the lamina, ifc = radius of gyration about 0 x, 
which is the line of intersection of the lamina with the horizontal 
free surface, and z is the ordinate of the centroid of the lamina. 

Hence 2 

In particular, if the lamina is vertical, we have: 

• depth of the centre of pressirre of the lamina! X ( depth of 
centre of gravity of the lamina) = + 5^ where K 
is tlm radius of gyration about an axis through the pentroid 
pwallel to the horizontal. K is obviously a fixed constant of 
the lamina. 

Haioe z (y— z)=K^ 
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Tliis 18 an important result. 

Ex 1. A phiue friangTilar area is immersed with its plane 
'rcTHcal, one side horizontal, and the opposite corner downwards 
Its Tertieal altitude is and the horizontal side is at a depth 
below the free surface. Show that its centre of pressure is at 

m depth k below the free surface. (Tripos 1926) 

8 


Eedocing the tnaogle to its 
mental particles we see that the / 

mon^nt of inertia of the lamina a- 
boal the horizontal is the same as 

ths^ of three articles of mass 

placai at the mid-points of the 

triangle, or at depths, h, ^ respec- 

« A td 

tivelj, A being the area of the triangle. 

Henc +i^lJ.=LV 

3 1 4 4 /A 6 ’ 



k being the radius of gyration of the area about the line of 
intersection of the area and the free surface. 


Now,Z=depth of the C. G. of the 

h 


area=^+-=’^\ 
3 3’ 


^■E» C ^pth of centra of prepare below the free surface) X 

f7.S=»fc», 


.*.Dep& of cenbre |)rimiire=~A^ ^>5 



( 53 ) 


on 006 f3C6. 

TTie centre of pressure is at a distance ~ a from its geometrical 
centre. 

Shew that the geometrical centre is at a depth 2 a below 
the free surface of water. (Tripos part 1 1927) 

Ex. 3 Prove that in the case of a plane lamina immersed 
Tcrtically in a homogeneous liquid at rest under gravity, centre 
of pr^iure is always lower than its centre of gravity. 

Show that as the lamina is lowered down the liquid, the 
vertical distance between the centre of pressure and centre of 
gravity becomes smaller and smaller. 

Calculate its rate of variation 

• • • — 
[Ana^ where k is the radius of gyration of the lamina and z, 

Tji 

the depth of its 0. G.] 

Ex. 4. A system of particles of masses mi, m„ . ...placed 

at ( * 1 , \ (arj, is equimomental with a 

lamina immersed in a heavy homogeneous liquid (with 
its plane not necessarily vertical). The axis of x is the line of 
intersection of the lamina with the free surface, ^ 

Prove that the coordinates of the centre of pressure are the 
coordinates of the centroid of a system of particles of masses 
*1 y placed at [wi yi], [a-j, etc. 

Ex. 6. Show that the depth of the centre of pressure of a 
lamina, whose vertices are at depths a, A, c 
free sw&ce, is th# same as the C. G, <£ 3 ma^^ proportional 
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I I 

I ^ 

ic 


to [2a+£+c], [25+c + a] , |2c+a4-^>l 

placed at A^ B, € respectively. p-=r:?lJ : ^ 

Tito triangle is reducible to 3 J ic- 

jNurticl^ ol niadS ^eaf;h phiceti at mid- I 

points of tha sides, this system l>emg 

equi-momental with the triangular lamina, where ?n = mass of 
the lamina. 

„ _ m 1 _a+S h-f-c c-i-a 

Hence — TO* — 5- and y, — 5— ,^2= “3 ~jJ's= —— 


Hence mj — »!,= wj' 


- Q+& ,, - ^+c _ c-ffl 

'a ’ g > y S ~ "5— 


We have therefore to find the depth of the C. G. of a 
system of 3 particles ^ ),? ( ^ )plaeed res- 


pectively at depths 


i+fe &+C c-\-a 


Ijelow the free surfaci 


Hence the required depth of centre pressure 


ju r+uv /C+a, 


|!(2±i) ( *4-' ' +i-‘ ' 

in* a-rl) irn / l + c \ ,m , r-ea \ 

_ ■■■ " I o V O / O* ' O ' 


Q^44^4-c^d-^~hca4-<i5 

( <f-f '--fc ) 


_ S g (2a 4 

El. 6 Show that in the above example the depth of the 

centre of pressure of the lamina below its C. G. is . ^ 

^ 12 S a. 

Ex. 7. ABCB is a qoadrilaieral having its side AD in the 
snrf^'e a I^taid ai^i the sidM AB, DC vertical and equal to 
a and h r^tpeetivelj. Show that the dej^h of the c^itre of 
proantre is 

<a^4p) im+h) 
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{I?ini;— Reduce the quadrilateral to two triangles by a 
diagonal and deduce the system of particles equimomental to the 
lamina, then apply Ex. 4.) 

Ex. R A trapezium is immersed vertically in a liquid 
with one of its parallel sides of length I in the sxirface and 
the other of V at s depth d from the surface. Find the depth of 
the centre of pressure. ^ 4 . 5 jq ^ 

2 {I + 2 I' ^ 

Pix. 9. A parallelogram has its corners at depths 
ds,d^, below the surface of a liquid and its centre is at a depth 
(/ show that the depth of the centre of pressure is 

-I- d, d.i'^ -i- 8 d -2 

I2d 

)' X. 10. A square lamiua just immersed vertically in water 
with one side in the surface is .then lowered through a depth h. 
If a be the length of the square, prove that the distance of the 
centre of pressure from the centre of the square is a 

T~ 

^ Ex. 11 .^ A regular hexagon, wdiose side is a is immersed in 
a liquid with one side in the surface, prove that the depth ol its 

STirface is l.l07a approx imately 

Ex. 12 . A square lamina ABCD is 
completely immersed in water with its 
plane vertical so that the side A H is in 
the surface. Draw a line B E to a point 
E in C D such that the pressures on the 
two portions may be equal Prove that, 
if this be the case, the distance between 
the centres of pressure: the side of the 
square =V565: 48, 

LetEC=&. 




Fr«OTrp on the triangle B C E— ^ P (a j5)( | ) 
A!w> prefcfenre on the whole wjnare is g P a*{^ ) 


If the pressure f n B E C is equal to that on A B E D then this 
most be half of the total pressure on the square. Heiic-e 


Ig9a^b=kg9a-{1) 

iiT, b E=al4. 

Now take A B and A D as axes of x and g. 

Triangle B E C is eqtiinioniental with 3 particles each of 
maas proportional to ^ ( - ) (Ja )= g , and placed at (a, ^ ), 

(g®* «) ^8®’ p’ 


Hence the coordinates of the centre of pressure of the triangle 
ar© the same as those of the centre of gravity of the particles of maa 

( “ J's ( <■ )• “s’ ( I > ( “ ’ “»)’ ( “ )■ ( T D 


8 ' 2 ' 8 


8^ 


8 2 ' 


raipectively. 



23 
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fleowi the coordinates of the centre of pressure are (||a, |a}. 

Similarly splitting the trepezium A B D E into eqnimomental 
j^cles, the coordinates of the centre of pressure will be found 

so be (sV tV o ) 

The required distance =V { (If— A)“ a® } 

= V505 
48 

Ex. 13. If an area is bounded by two concentric semicircles 
with their common bounding diameter in the free surface, prove 
that the depth of the centre of pressure is 

-^(a + h) + 5 “ )l(a^ + ab-hd‘ ) 

where a and i are the radii. 

By § 3‘3 and using the boxmding diameter in the free surface as 
the initial line we have 


— _ J'J'!PT^cos g dr do — sm 6 dr d6 

S S W dr ’ ^ S S V’’’' d B dr 

SSf* ain S cos B dr d6 J'J'r^ sin^ 6 dr dd 
yy'r’ sin 6 dd dr ’ ~y’y'r* sin 0 dr d6. 


: Since r sin0) 



(a=+ai4-h*) 


Ex. 14. Shew that the depth of tlie centre of pressure of 
die area included between the arc and the asymptote of the curve 


(r — a) cos 9=his 


a 3 ^ 

4 3 '”■ & -i- 4a t - 
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the asjmptote being in the surface and the plane of the enrre 
vertical 

'IC.S. 1931s 

The form of the curve is roughly as shown in the fig. wher* 
T T' is the asymptote. 

Consider an elementry area rd^dy 
round P. The depth of this point 
below the surface (or the asymp. 
tote) is 'r a>$ B~ h); hence the depth 
of the centre of pressure below 
the surface 

ff <r cos B- h) prde dr , 

” S dr de ^ where is the pressure at P 




i 





4 ' 
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Ex. 15- ^ plane area, boanded by the parabola =Aax the 
wdinate a;=A and the axis y=o, is immersed in a homogeneous 
liquid with the axis vertical and the vertex in the surface, and is 
then lowered without rotation. Prove that the centre of pressure 
moves along the straight line. 

48^' Ay-o-^a {7x-\-Bh), 

approaching the centroid of the area as its 

I>et ONP be the lamina, where ON = A. 

Let the depth of the vertex 0 below 
the free surface in any subsequent 
position be X. If T, T b® Ibe cordi- 
nates of the centre of pressure with 
respect to given axes fixed in the 
lamina we have by § 3^ 

- _ ff px dxd y - r f p y dxdy 

ff p dx dy' ^ f f p dx dy 

where p is the pressure at any point Q (a;, y) of the lamina. 

Now the pressure p= gP (depth of Q below the surface) 

= (a: + X) 

. ' rX x{x-\-y-)dxdy - 

■ ■ .ff (®-f X) dx dy ' y ff dx dy 

the field of intergation being the whole of the plane lamina. 


limiting position. 
I.C.S. 1932) 



A /» 


Herree 



3A+6X 



dx 




y («+X) dy 

O 

■v4a X 



(a+X) dy 


4 


/jri 

3AH-6x-^°^ 


To fiud the loans of ( x, y‘) we hare to eliminate X from 
equations (i) and ( ii). 

From (i) we hare 

7 X _ 5A+7X 
3 A 3A+5X 


or, 



_ 4(2A4-3X) 
3A“j”5x 


I ividicg this equation by (ii) we have 

7x4~3A _ 16 

3A y b\ah 


or, 48 VA = Va ( 7x + 3A). 


Ei. 1 6. A regular polygon wholly immersed in a homoge- 
neona liquid ie movable about its centre of gravity ; prove tl ht 
the locus of the centre of pressure is a sphera 

Take the fixed centre of gravity 0 of the lamina as origin. 

Take any three mutually per- 
pmdicutar lines as axes of x, y and z, 
lining the vertical through 0 as z 
axis. Let the jaiiKapJ axes of 
inertia of the lamina be Oar', Of' 
and Oa/ he normal to ■flie lamina. 

Then since 0, the origin, hi the 
centre of gravify <rf the liam-na, 


2 



das' dyf — J'J'yf dsd dj^ ■= 




o 
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Again since Ox', Oy' are the principal axes of the lamina 
f fx' y' dx' dy'=<i (2) 

Again since the lamina is a regular polygon, by symmetry 
the iijoinents of inertia of the lamina about Qx' and Oy' are 
equal. 

Hence ffx'* dx' dy' = ffy'''^ dx’ dy' = Ak% (3) 

where S Sdx' dy' = A=area of the lamina. . 

Let P be any point in the lamina. Its coordinates relative 
to axes Ox' y' ^ (fixed in the lamina) -will be (a;', y', d) while 
relative to the axes Oxyz (fixed in space) will be {x, y, z). If 
(/i, /- 1 , «! ), ( l»i « 2 )) (^ 3 ? Ws ) be the direction cosines 
cl the lines Ox', Oy', Oz' with respect to axes Oxyz, then 
by considering the projections of 0 P on Ox etc. in two different 
ways we have 

X = Zj x' ~}~ I s y' 
y — x' y' 

z — ni x' -t- y' 

Let the coordinates of the centre of pressure of the lamina 
in this particular position he (^x, y^ z^) with respect to axes fixed 
in space and {x',y', o) with respect to axes fixed in the lamina, 
■ince the centre of pressure must plainly be in the lamina. 

Then, ^ Zj + y'J,^ 

y = x' mi + y' (4) 
X — x' ni y' , « 


also ? pad dsddg' ^ - fX dx! d^ 

V dx' dij ’ J'jr'pdxfdy' ’ m 

prefflure at (x', i^, o) is (depth ofP below tfo 
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the depth of the fixed origin O below the free surface h 
df then the depth of P below the free surface is d — a, z l»eing 
the corresponding z— coordinate oi P with respect to fixed axes. 

But z == n, j:' ri n* y' 

= fir P (d—ni -t' — n, y) 

Hence from (6) we have 

— y'y' (d — n, x' — w, tf') x' dx' d^' 

^ J'J' i,d--n^ x' —n^ y') dx' dy' 


Sf dx' dy ' 
d ff dx' dy' 


, bj (l) and (2) 


So also 

y , iV , 

Kow, by squaring and adding each one of the cqtiaiit.i.t 
(4) we have 

Alao y 

— («!*+«/) 

is thefeewcrf" centre of pi^ssure, with r^pect to fixed 
axeSb Tim loe^ n bvidently a sph^ra 

17* Rtrra tiiiai fee of til© e^trm of pr^gsiare ^ 
& csf % oompl^el j m a 

liquid aad tfcair lia© of m a 
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Ex. 18. An ellipse area bounded by two conjugate dia- 
nielers C B, C D and the intercepted arc is immersed vertically 
in a homogeneous liquid,' 0 D coinciding with the surface. 
Find ihe centre of pressure. (Punjab Univ. M A. 1928). 

Ex. 19. An area bounded by the curve r=a (l+cos 6) is 
immersed in a flluid, the prime radius vector being coincident 
with the surface. Find the centre of pressur . 

# 

3'5. If a straight line be taken in the plane of the area 
parallel to the surface of the liquid and as far below the 
ceatroid of the area as the surface of the liquid is above, the 
pole of this straight line with respect to the momental ellipse 
at the centroid, whose semi-axes are equal to the principal radii 
of gyration at that point, will be the centre of pressure. 

'l ake the principal axes of the lamina through its centroid 
as axes of x and y. 


Then, it A be the area of the lamina, and b, a the principal 
radii of gyration, 

■A dx dy^ A a!' = J'J'x^ dx dy, 

y'y'* y dx dy=-o. 

Also, yy'a; dx dy=^X Sy dx dy=-o, 
for the C. G. of the lamina is at the origin. 

Hence the equation of the momental ellipse is 

Let a: cos 0+y sin 6 =d be the equation of the line in the fifee 
®arface, and (x, y) the coordinates of the ceiktre ^ pressure^’^theot 

ffp dx dy ’ ^ fff ^ 

where ^ is the fluid pressure at V(x,y^ 

H®aoe if the fluid is homogeneous and at 



p=ffP (perpendicular from P on a; cos ^-^-y sz'w 6 = d). 
V~9P {d^—^s B—y sin 8) 

Hence 5 

jJ {d—^co$ B — y st7i B) dx ay 

cosB-^ 

d 

and eimilarl j, y s= — — gin 9 

It follows at on<» that {x, ^ is the pole of the line 
X cos 9~\-y siw 6 = — d 
with regard to the momenta! ellipse. 


Ex. 1. Find the locnf of the centre of pressure of an 
elliptic lamina immersed rertically in a homogeneous fluid at 
rest under graTity and moving in the vertical plane in such 
a way as to be always just immersed. 


Let X cos 8+y sin 6 = d be the 
equation of the horizontal line in 
the free stoface touching the elliptic 
lamina with respect to the principal 
axes of the lamina. Let the ^na- 
tion of the ellipse 1 e 




Since (the radius of gyration about o x? , 

4 

aod, (li» raditB of gyration about o y)^ 

' 4 

. tim equatsm ot iatraental 6Ui|»a will be 
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X cos S-jry d~—d (ii) 

with respect (i) _ _ 

Hence comparing - * 1 (ii)> have 

d o *. 

T 4 

#= cosB^ y = — — sin 8 ^m) 

4<i •4a 

Kow, since *■ cos 8-\-y sin 6 = is tangent to the ellipse 



a® cos® 64"^* sin* d=d*. 


Substituting in this from (iii) -we have 
16 ’ 

the locus of the centre of pressure. 

Ex. 2. A quadrant of a circle is just i m mersed vertically, 
■with one edge in the surface in a liquid, the density of which 
varies as the depth. Find the centre of pressure. 


Take 0 as the edge in the surface, P=n y andp = i H g 

Hence r = y’y> ” dx oy _ J'J'xg^ dx dy 
SS'P dx dy SJ'V^ dx dy 

Va®-a;® 
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^ 16a 

15 ^ 

Similarly y 

Ex 3. A plane area immersed in a fluid of uniform density 
moves parallel to itself and with its centre of gravity always 
in the same vertical straight line. Show (l) that, the locus 
of the centres of pressure is a hyperbola, one asymptote (rf 
which is the given vertical, and (2) that if a, a-\-h, a-±h‘, a+Z/' 
be the depths of the C. G. in any positions,/, y-k-h, 

of the centre of pressure in the same positions, then 

h h h ( k — A) ~o 

k' h' }i'{k'-h') 

k" h" h"{k"-1i") 

Ijet G be the centre of gravity of the plane area A and, 0 the 
centre of the pressure. Suppose the area is mo*ed parallel 
to itself so that G moves in a vertical straight line. Let a be 
the depth of G in the first p<»ition and be its depth when 
in the position 6'. Let G' be the position of the new centre of 
pressure, C' being the new petition of the old centre cf pressure. 

In the old posiiiou the resultant of pretsures p at every 
|>oint ai-n'd at C and was equal to A a. 

Xovr ill the present jiosiiion pressure at every point is 
iiicreasetl ty g?h Iieeiuise every point is now at a depth A 
below it.s previons position. Hence the pressure at every point 
is p -f- ^PA; but the resultant of pressures p at the 
varii .Qs points of the area is ^P A a and acts at O', the present 
position ol the point G. Also the resultant of the constant 
pressure gPh acting at every 4ha area will be clearly 

g9k A acting at the ceatroii of the area. Hence the new centre 
pressure G is the pmnt wh^e the r^ultant of 
fiwcesyP A a w^ng al G and A adine at G' a<^ 
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Hence taking moments about C", 

G' G" (^P A A) = G' C" A a) 

G^ G" _a 
G' G” I 

G' G" _ a 
G' G' ""a+A - 

Let us now take the vertical along which G moves as y axis 
and the projection of G C on the horizontal free surface as 
X— axis. Let (auo, Va) he the coordinates of C in the initial 
position of the lamina; then in any subsequent position of the 
lamina when it has been lowered through depth h, the coordi- 
nates of O', the subsequent position of G will clearly be (a!o, -yo+^)- 
Now if (sr, y) be the coordinates of C", the new centre of 
pressure, then since G' O'' : G' G''=a ; A, 

„ a aJo {y^-\-7i)+h fa+^) 

a-\-h 'y a-f A 

Locus of (a:, y) the centre of pressure is clearly obtained by 
i-liminating the variable parameter ‘A’. It is 

{^o— a) «o xy-\-a xJ^=o, 

which is a hyperbola, whose one asymptote is «=o, the vertical 
along which G moves. 

y be the depths of the centres of 
pressure corresponding to the depths a, a+A, a 
of the G. G., then we have 

° a-|-A 

y (u+AO 

^ a-|-A' 

^ (2^„4-A'''4A"'(a4-A") 

T--fF - 

or, A a I A (A — A )•=<> 
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h" y,-2a\-lrk"a+h'\k" -h")=o 

KUriiiaating bo have 
h k (k~h h 


r k''ik'‘-h'') k" 

3 . 6 . Resuhiiat pressure on curved surfaces. 

We shall first consider the case of curved surfaces immersed 
in a fluid of uniform deuaity and at rest under the action of 
gravity. 

To find the reaultani of the fluid pressures acting on a curved 
surface let us first find out the vertical component of this resul- 
tant We bhali later find the components of the resultant in 
two mutually perpendicular horizontal directiona It will then 
1 ^ possible to deduce the resultant from these three components. 

(i) Let the curved surface P Q R S - 

be Itounded by the contour P Q R. V 

Let 118 drop perpendiculars from / ^ 

every point of the contour on the 
dree sitriace so that the plane curve ^ I 

pq r h the projection of the skew I i 

curve F Q R Tht^se perpendiculars ^''"s 

clearly generate a closed surface bounded bv the cylinder on the 
p q T and the surface P Q R .S The mass of fluid enclosed 
m the «irface p y r- 1 ' Q R S is in equilibrium under the action 
flmd preSBores acting on the surface p q r-P Q R S, and its 
own waght acting vertically downwards through the centroid 
of Ae enclosed fluid. Hence resolving vertically the resultant 
ofthev^e^,^mpnmts of the fluid pressure* on the surface 
pqr P Q E b 16 equal to the of the fluid enclosed in 

«,rf«e p 4 r-P Q B S Md acts v«tioally apwarfs thio^ 

flaM mthiasarfaca Bat the M 

pwawmeODlhe ryliirfaSoJ p»t of the Bnr&ee » » ,— P Q * 
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have no vertical components at all. Hence the resultant of the 
vertical components of fluid pressures acting on the surface 
P Q K S is equal to the weight of the fluid enclosed in the 
Burface p Q t — P Q R &, and acts through the C. G. of this mass. 

(ii) Secondly, consider now a 
surfk« P Q whifrh. is pressed upwards 
instead of downwards. Let A B be 
the horizontal surface. Let us project 
the contour bounding the surface ^ 

P Q on the surface A B. Consider the surface formed by the 
surface P Q and the projections of its contour P Q on the free 
surface A B. If this surface were supposed filled with fluid of 
the same density, the resultant vertical pressure on the surface 
P Q will be, by the above argument, equal to the weight of the 
fluid enclosed in the surface A Q, and act along the vertical 
through the centroid of this mass. 

But the pressure at any point of the surface P Q is just the 

same in the two cases, for the depth of the point below the free 

surface remains the same in either case and the pressure in the 

ca^ of a homogeneous fluid at rest under gravity depends only 

on depth. Hence .the resultant vertical pressure on the surface 
P Q in the actual case is also known. 

Ej. 1. A hollow spherical vessel is formed by two henii- 
^hencal cups joined together. The vessel is plac^ with the 
iflaaeofthejoin horizontal and cont^s liquid up to height A 
above this plana Shew that the pressure of the liquid produces 
afcree t^ing to lift the flpper, hemisphere from the low^ 
uronortboal to A®, but independent of the radius of the yosseL 
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Here we have to find the fluid pressure on 
tibe upper hemisphere. In this case the liquid 
is pr^ang the surface upwards. Heace the 
vertical pressure by what has been just said is 
equal to the weight of the fluid enclosed in the 
spaco between a cylinder of height k based on 
the circle in the plane of the join and the upper 



(iii) Thirdly, suppose now that the surface is pressed 
partially upwards and partially downwards, i. e. 

part P S of the surface P Q is pressed 
upwards ahd the part S Q downwards. * 

V^tical pressure on the siurface S Q is by 
(i) clwrly equal to the weight of the liquid 
in the surface A S Q B acting 
vertically through its centroid. Now surface S P is whollj 
prised upwards so that by (ii) the vertical pressure is equal to 
the weight of the fluid enclosed in the space A S F G acting 
verticaily through its centroid. 

Hence the resultant vertical pressure on the surface PSRQ 
m equal to the weight of the fluid enclosed in the spaces P S E 
and BtQ C acting vertically through its eentroid. 

S. 7. We next to find tire horizontal component of the 
pressure on a curved surface in any give! 

dmecthm. 




heriiisphere i. a 


Let the ciarved surface in question be P R Q. 
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Let ns project the surface P K Q on 
a vertical plane perpendicular to the 
given horizontal direction. Let p q he 
the curve into which the surface thus 
projecta 

Consider the mass of fluid enclosed in the space ^ P R Q. 
It is in equilibrium under the action of (i) fluid pressure acting 
on the given surface P R Q (ii) the fluid pressure on the plane 
curve p q (iii) the fluid pressure on the eylinderical surface 
generated by perpendiculars from points like P of the bounding 
contour P Q of the surface P R Q on the vertical plane, and (iv) 
the weight of the fluid which acts vertically, (and has therefore 
no horizontal componentL 

Resolving horizontally along the given direction we see 
that fluid pressures on the eylinderical surface being everywhere 
at right angles to this direction have no component in this 
direction. It follows that the horizontal component in this 
direction the resultant fluid pressure on P R Q must balance 
the fluid pressure on the plane area p q. Hence the required 
component is equal to the fluid pressure on the plane area p q 
and passes through its centre of pressure. 

To determine the resultant fluid pressure on any surface 
we have therefore to find (i) the vertical pressure, and (ii) 
resultant horizontal pressure in any two direction. 

These three forces may in some cases be compounded 
into a single force, in which case the point m which the 
line of force meets the surface is called the centre of pressure 
of the surface. 

Ex. 1. A ves^l in the form of an elliptic paraboMd, 
whose axM, is vertical and equation ® divided into 




four equal oompartiaents by its principal planes. Into one of 
these water is poured to the depth A; prove that, if the resultant 
0uid pr^ure on the curved portion be reduced to two forces, 
one vertical and the other horizontal, the line of action of the 

latter will pase through the point (^, ^). 

10 lo I 

Let OACB be one of the four equal parts into which the 
elliptic paraboloid is divided by the planes xOz and yOz, the plane 
ACB being the horizontal surface of the water. We require the 
htMriKjntal component of the fluid pressure acting on the curved 
surface AOB. 


The horizontal oiniponent of the pressure parallel to Ox 
ia equal and opposite to the fluid pr^ure acting on the projection 
fflf the surface on the plane 0 z L e. on the parabola BOG, whose 
equation is :t=o, BC being the water line. 




The ooMdinates of the centre of pre^ure are (x, z) where 
ffydz 


f 




I I (A— z) ^ * 


A 


■z i 'iz d z 

■V-i 


M. 


fjuod. 


I!'”’"' f! 


a 


Jl 

fi 


(A—*) zb , 

rv "T, 


Bk 
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Hence tlie horizontal component of the fluid 


. 5b 

to ox acts at (o, > 



preesxire parallel 


Similarly the horizontal component of the fluid pressure 

}, 3 r»llel to oj/ acts at -^X - 

51) 3A 

The line through (<>, , — y ) parallel to oar dearly meets 

the line through (-^j o, parallel to oy in the point 

( ^ j ”1^’ is, therefore, the point through 

which the resultant of these two horizontal components must pass. 

Ei. 2. A hemisphere is filled with a homogeneous liquid; 
find the resultant fluid pressure on one of the four portions into 
which it is divided by two vertical planes through its centre at 
right angles to each other. 

(Resultant force yP a* 8, acting along i = y=* ^z.) 


Ex. 3. A hemispherical bowl is filled with water, and two 
vertical planes are drawn through its central radius, cutting off a 
semi lune of the surface; if 2cc be- the angle between the planes 
prove that the angle which the line of resultant pressure on the’ 

8iir&(» makes with the vertical is tan (- ^ ) 

' a /• 


Let ABC be the semi-lune of the 
lemisp^rical surface cut off by two 
planes AOC and BOC indined 
to eac& other at an angle 2a. 



The vertical compKjnent of the pressure 
eqxtoi to tl^ of tfo flmd endbs^ in " 
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ABCX). Now ibd area of the circalar quadrant is— with its een- 

tioid G at (4^. OB, OC being taken as axes of 

eoordinata 

Volume of the surface thus genarated 

= (area of the quadrant) (distance travelled by G as th« 
quadrant moves from its position BOC to AOC), 

^ 4 

Hence the vertical component of the fluid pressure is 

IgPa^a. 

Horizontal component of the fluid pressure perpendicular 

to the plane BOC is = JyPa®, acting at Q. 

4 o” 

So also the horizontal component of the fluid pressure per- 
pendicular to the plane AOC is I yPa* acting at P. 

By symmetry, normals at P and Q to the planes BOC and 
AOC respectively meet at M so that <PMQ = — 2a. 

Now, the resultant of equal forc^ J ^Pa® acting along MP 

^ Qz-y 

and MQ is clearly | ^Pa* cos ( — = f yPa® sina. Since the 
vertical <»mponerit is I yPa*a, the angle between the resultant 
and the vortical is tan = tan 

Er. 4 . A vMsel fuU of water is in the form of an eigbh 
part rf an dlipeoid (axes a, i, c), bounded by the three principid 
l^anes. The axis e is vertical, and tiie atmosph^c pressum it 
m^Iected. Prove that the resnltaat fluid pressure on the 

«Br&oe is a fisroe rf inimaaify | i*'*^,*^*^* | ^ 
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Ex. 5. A surface in the form of a quarter of a circular 

cylinder of radius a and axial length h is immersed in a fluid of 

density P with its axis and edge in the free surface. Neglecting 

atmospheric pressure, show that the resultant pressure of the fluid 

on the concave surface is ‘O^hgPa'b and is inclined at 32.5° to 

the vertical , „ ^ 

(Tnpos, Part I, 1925), 


3 8. Fluid pressure on a solid. 

We shall now show that the resultant fluid pressure on the 
gur&ce of a solid either wholly or partially immersed in a fluid 
at rest under gravity is equal to the weight of the fluid displaced 
and acts vertically through the centroid of the displaced fluid. 


D 



Draw parallel lines D, W touching the surface and forming 
a cylinder which encloses it; the cmwe of contact divides the 
surface of the solid into two parts, on which the resultant horizon- 
tal pressures parallel to the axis of the cylir der are equal and 
opposite (§ 3.7). It follows that the fluid pressure on the solid 
has no horizontal compouent and is therefore entirely vertical 


Now draw parallel vertical lines 
E, E' touching the surface and let 
C D be the curve of the cylinder 
gMierated by E, E' and the surface 
of flie solid. The curve C D divides 

the surface of the K)lid into two parts, on one of which the resul* 
tant wertaeal pressure act upwards, and on the other downwante, 
tie diff^enee of the two is platnly the wmght of &e fitad dis* 
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• 'nr^* 

ABCX). Now the area of the {Ocular qaadrant is — - — with its ceo- 

troid G at ), OB, OC being taken as axes of 

ecxirdinate. 

Volume of the surface thus genarated 

= (area of the quadrant) (distance travelled by G as the 
quadrant mov^ from its pc^sition BOC to AOO), 

= = jf-’a 

Hence Uie vertical component of the fluid pressure is 

I a *a. 

Horizontal component of the fluid pressure perpendicular 

to the plane BOC is ~ acting at Q. 

So also the horizontal component of the fluid pressure per- 
pendicular to the plane AOC is | yPa* acting at P. 

By symmetry, normals at P and Q to the planes BOC and 
AOC r^pectively meet at M so that < PMQ = — 2a. 

Now, the r^ultant of equal forces | ^Pa* acting along MP 

and MQ is clearly | p^Pa* cos ~ I ^Pa* sina. Since the 

vertical componeat is | ^Po*ct, the angle between the resultant 

and ^ T«iical is tan = tan 

I ^Pa’ct a 

Ex. 4. A vaaeel foil erf* water is in tiie form of an eighfh 
j»rt of an ellipeoid (axes a, 6, c), bounded by the three priacaptd 
{dnnee. The axis c is vortical, and the atmospheric pre®nro is 
neiglettod. Prove that the reeuliant fluid pieswre <m &e curved 

«ar&c6 ii a &xee of intesffiiij | a*e*-4- ^*'*«*6*e* I ^ 
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Ei. 6. A surface in the form of a quarter of a circular 
cyliuder of radius a and axial len^h 5 is immersed iu a fluid of 
density P with its axis and edge iu the free surface. Neglecting 
atmospheric pressure, show that the resultant pressure of the fluid 
on the concave surface is '09SffPa*d and is inclined at 32.5° to 
the vertical 

(Tripos, Parti, 1926). 


3 8. Fluid pressure on a solid. 

We shall now show that the resultant fluid pressure on the 
surface of a solid either wholly or partially immersed in a fluid 
at rest under gravity is equal to the weight ot the fluid displaced 
and acts vertically through the centroid of the displaced fluid. 


If 



Draw parallel lines D, U' touching the surface and forming 
a cylinder which encloses it; the cmrve of contact divides the 
surface of the solid into two parts, on which the resultant horizon- 
tal pressures parallel to the axis of the cylirder are equal and 
opposite (§ 3.7). It follows that the fluid pressure on the solid 
hM no horizontal component and is therefore entirely vertical 


Now draw parallel vertical lines 
E, E' touching the surface and let 
C D be the curve of the cylinder 
gaiffl^ated by E, E' and the surface 
ef the solid. The ctirve C D divides 

sur&oe of the solid into two parts, on one of which the i«®d- 
taiit verliml pressure act upwards, and on Die other downwards 
il» difference of tiie two is plainly the weig^ of the finsd d® 
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The r««ultatit preasure is therefore equal to the weight of 
the fluid displaced. 

Remark : If the lounding surface of a solid completely 
immersed in a fluid consists partly of a curved surface and 
partly of known plane areas, we can easily find the resultant 
fluid pressure on the curved surface 

Supi>we for tiie sake of definiteness the solid consists of 
two plane areas and a curved surface. 

The resultant fluid pressure on the entire curved surface of 
the ojlid viz S, and the two plane areas is vertical and equal to 
the weight of the fluid displaced, acting through its centroid. 

Now the pressures on the plane surfaces can be easily found both 
lu uiagiiitu'le and diret-iion. liciici the resultant fluid pressure 
on S 18 clear!}' known. 

Ex. 1 . An uncl^ed curved surface which has a plane curve 
for its Wundary, is immersed in a homogeneous liquid. Prove 
lltat the thiubt of the liquid on one side of the surface is equi- 
valent to two forces, one vertical and the other perpendicular to 
the plane of the loundary. State precisely the magnitude of 
each force andi the position of its line of action. 

Ex. i?, A cubical l*os of edge a is made of thin metal and 
has an ai curaiei}- titting li<l smoothly hinged to one side. The 
iid has a piece cf uniform metal of specific gravity a forged to its 
inner face, the volume of the metal and the distance of its centre 
of gravity from the lid being p and A respectively. The box is 
filled with water and the lid being held closed, is placed with 
the side to which the hinges are attached on a horizontal taWe. 
Prove that, if 6 (a— 1 ) rA>a«,the Kd wil not op«i yvhem 
TeleamL 



D 


Let BODE be the lid and BC 
the Hne of hinges. Fluid prt ssure on 
lid acts normally to the lid at P 
which is the centre of pressure. The 

Haid pressure is clearly yPa‘ (-" ) 

_ ^ ^Pa*, acting at . the centre of 
preffiure P whose depth below ED is f a, or whose height above 
ig — , P being the density of water. This pressure tends 

s 

to rotate the lid about BC outwards e. opens the lid. The 
of the metal of volume v forgfd to the lid has opposite 
tendency. 

The weight of the metal acting downwards through G is 
P^). Also the fluid pressure acting on the solid is equal to 
the of the fluid displaced by it, acting also at G hut vertically 
upwards. This fluid pressure is gPv 

Hence, the net vertical force acting at G is gPv (a-l). This 
force tends to counterbalance the effect of the fluid pressure in 
opening the lid. 



Hence, taking moments about BC, the lid will not open so 
longas 

gPv (s-1) li>\ gPa^ (-|-) 
or, 6 (s-1) hv>a*. 

Ex. 3. A right cone is totally immersed in water, the 
of the centre of its base being ^ven. Prove that, P, P', P" 
king Ihe r^ultant pressures on its convex surface, when the 
Base oi the angles between its axis to the horizon are S, S', S" 


Ei. 4. A solid is formed by taming a carcalar ^ea jpoand 
% imgle (?, i 
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imimreed with its lower plane fjioe horizontal If ^ bg 
inclination between the horizontal and the resultant fluid 
on ti*e curved part of the surface of the solid, 

B 

tan <P =■ tan --- cosec 6. 

£j 

Ex. 5. A solid is formed by turning a parabolic arei 
bounded by the latus rectum, about the latus rectum, through aa 
angle 8 and this solid is held under water, jnst immersed, witk 
itte lower plane face horizontal. Prove that, if <t> be the inclim- 
lion to the horizcn of the resultant pressure on the curved 
of Uie solid, 

3 sin* 8 tan ^ = 5 sin 8-3 sin 8 eo8^28. 

Ft 6. A hollow ellipsoid is filled with water and ^ ... 
with its a axis making an angle a with the horizontal and its 
c-axis horizontal. Prove that the fluid pressure on the curved 
surface on either side of the vertical plane through the a-aiis 
is equivalent to a wrench of pitch 

Sc sin a «» a. ^ 

4c* ' (a* sin*a -f- cos* a) 

Let OA, OB be the a and b 

of the ellij^id, OA making 
an angle a with the horizontal. 

Since OC, the c-axis is horizontal 
and normal to the plane of AOB, 
hence AOB mtist be a vertical 
plana OV be the vertical in 
in tk 8 plane. 

Let OB take OA, OB, OC as al^ of x, y and z respet^^ 
We have to find ont the resultant ju'essnre on the curved anfil 
on either sde of tike plane AOB. 

'Phe hcniaonlal eosnpoiii^t of this i^reerar^ in tiie 
of OC is tibe ^efiBore on the carve of 



on vertical plane normal to OG «. e. on tlxe plane AOB. This 
projection is precisely the ellipse with axes A A' and B B' whose 
qoation with regard to OA, OB as axes is 

( 1 ; 

Let LL' be the horizontal line touching the ellipse, then 
gince it is inclined at an angle a to OA, its equation will be 

a: sin a + y cos a = d, where 

a*sin®o: + b^eos^a — ... (2) 

Kow the pressure on this plane area bounded [by the ellipse 
(1) is gP {area of the curve) idepth of its 0. G. below the 
horizontal) 

= gP'^ ah d, where d is given by (2). 

This pressure of course acts normally to the plane AOB and 
therefore its line of action has direction cosines (o, o, l). 

Further it must act at P n), these being the coordinates 

of the centre of pressure. 

By §3.5, P {K. is the pole with respect to the momental 
ellipse of the area, of a line parallel to the horizontal line LL' 
and as far below the centroid of the area as LL' is above it t. e. 
of the line v sin a + y cos a = —d. Also the equation of the 
momental ellipse is 

Jfl = 1 

Hence ? = _ Jll 

4 d 

5* cos a 

4 d 

Tlraa tihe horizontal component of the pressure on the cnrved 

iorfa^ M aJ dgP acting along the line whose dhrectioa ooemes 
o, d) art' which passes ' -/V;, 



{ ) 

/ ,f» siu a //* cos a ,, 

' 4 <1 ' 4 d ' ^ 

The vt-riicul foinixniont of the resulfaut pressiire f>ii tlin 
surface is equal to the weight of the liquid enclosed by the snrfacv 
and ufiiiig at its centroid. 

Now the volume of the liquid enclosed by the surface is 
clearly half the total volume of the ellipsoid, viz. i ah-. 

Hence the vertical component is § ahe g? acting vertically 
f. e, parallel to OV whose direction cosines are (sin a, cos a, >,) 
and acting at the centroid of the senii-ellipsoid iiiio which the 

plane divides the ellipsoid i. e. ai (e, o, ^-) - 

Hence it X, Y* Z, and L, M, N L>e the resultant pressures 
yfofikllei to the axes and the resnltaut couples about the axes, 
rtwpectiveiy, then from 3) and (4) 

X = I ahe siu a, 

Y = i abc gP cos a, 

Z = ah d gP, 

L — — - r~ 9^ (ih (6® -{- c®) cos a 
4 


M = gP ah (a"^ + c*) sin c, 

X = e. 

Houce the pitch of the wrench (X, Y, Z, L, il, N), to which 
tae tluid pr^ore is equivalent 

XL + YM + ZN 
X" + + Z* 



3.*J. Let us now find the resultant pressure on any surface 
<of a fluid ut rest under the action of any given forces. 

We have already seen how to find out pressure at any point 
of 8 fluid at rest under the action of any given forces. 

Consider now a surface S e-tposed to the action of such a 
Haid; and let P (x, ?/, z) be any point on it. 

■ l.«et (I, m, n) be the direction cosines of tlie normal to the 
hurface at P. Let p be the pressure at P; p is then a known 
(unction of .f, y, z and the given forces that act on the fluid. 

Considering an element of the surface about the point P, 
the force on this element is acting along the normal at P to 
the surface. This force therefore has components Ip fS, mp fiS, 
parallel to the axes. We have thus an infinite number of 
such forces acting at every point of the surface. We know from 
Bt*ti(s that these forces can be reduced to three forces X. Y, Z 
acting along the axes of coordinates and three couples L, M, X 
whose ‘axes’ are also the coordinate axes, where 


X = S lpS^=^ff lpd%, 

Y = S ifnpS^=J' J' mprfS, 


Z = S npSH=ff npd^, 

L = s; (ntj - mz) S^=J'J'p (»y - /xa) dS 
M = S yj (/z - naj) 5'S=y'y' p Q,z - nx) dS, 


K = 2 y) (mx -ly) ^S= S S V ~ ^"i) dS, 

tiis integrations being made to include the whole of the surface 
wiiif ijomsideration. 

Agafiit, sinpe 2 8 is the prcjectioo of the elements S on the 

*0 ^ l^ane therefor© I d S=<fy d * ; hence the ^ree compcments 
are also ^mvdLeot ^ , 
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X = SS y ^^7 Y — y'y* p iz dx, z — • j' j" 

and the couples L, M, N, are equal to 
L=y'y P {ydy — zdz ) dx, \l=Sf p {zdz~x dx jdy 
H—J'J' p (xdx— ydij) dz. 

In the particular case of a fluid at rest under gravity let us 
take the free surface of the fluid which is known to be a horizontal 
p&xoy plane. Let F" be the projection of any 
y, z) on the x o y plane. 

We know by the above that the component of the 
( along the vertical is 

Z=ffi)dxdy, (1) 

the field of integration being the curve into which the surface 
projects on the x o y plane. Now the weight of a column ol 
liquid with a small area ax dy »x i’" as base and height P'' P h 

Cz 

dx dy I g9 dz 

O 

But dp=gP dz, 

the weight of the fluid in the column P" F is 



^herep is the pressure at P, (the presure at the free surface is 
a ken to be zero). 

Henoe by (1) Z is equal to the weight of the fluid enclosed 
in the surface aiui its projwtion on the free surface. 

3. 10. We proceed to deduce now tiie results •( 
tically. SuppoBS that tlw fluid, hooMjgeneous or 
is at rest oiuier the actkai of gravity thai 1 

as vertical dp = <1 z, no timt p is & iunetioii z only. iM 
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'%==// p dy dz = (z) dy dz 

This expression clearly shows that the horizontal component 

of the pressure on the surface along o x is the same as the pressure 
on the curve, which is the projection of the surface S on the yox 

plane. For if P' be the projection of any point P of S on yoz then 
P and P' have the same z— coordinate so that the pressure at 
P' is also 0 («), the same as at P. 

Similarly Y is equal to the pressure on the projection of S on 
' 0 z. 

3. 11. li the surface S is closed, we have by applying 
Green’s Theorem, 

dxdydz, etc. and 

L =ff etc., 

the integrations being made over the entire space enclosed by 
the surface, and p being the value of the pressure function at the 
point (as, y, *) of the enclosed space which is supposed to contain 
fluid with the same law of pressure as the surrounding fluid. 

Ex. 1. A small solid body is held at rest in a fluid in 
which the pressure p at any point is a given function of the 
rectangular coordinates (as, y, z)\ prove that the components of 
the couple which tends to make it rotate round the centre of 
gravity of its volume are 


-similar exjffe^ions, where A, B, 0, D, E, Fj 
Tyfeebta and proditds crfipartia of the solid wiib to 

tlxmigh the centre of gravity. 


We kneir 
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A^J'S f ) dx dy dz, B—SSS +®^ ) dxdy dz 

0 ^ (a^ +y^ ) dx dydz', 

D=-J'XS y z dxdy dz^ E=SSS z x dx dy dz. 


F=S fS » y dx dy dz. 

Now L= fy ) dxdydz, (1) 

integratioa to be made over the space enclosed by the solid. 
?■ But tihe solid by hypothesis is small and origin is the centroid 
of the solid. Let (x, y, z,) be the coordinates of a neighbouring 
pmnt so that x, y, z are small. Hence 


3P: 

Zz 


(f)+i 

OZ C 


2zdx ' 


X + ( ^P- ) 
. ^ ^ 8zZy ^ 




(^p 

^ 8z» 


( % ) + ( ) X 4- ( ) y 4- ( Jli! ^ 2 

Zy ^ 0y ^ Zy^x o ^ 0!/" o'^ ^ ^ 3i;az ^ o 

Substituting in (1) we have. 


{.^_) ^\dxdydz 
dydz o I 

= <a /■+[(i:?)r'lX)]°-<^4f . 


ay’ 


5 dx dydz = y t?=o, etc. 

£x. 2 FroTB that the resoUant thrust on the curbed sif^^ 
of a right dmilar cyliikdw ocanpletely sohmesged with its sxis 

2 

at am angle a to the vertical w w Sn a and acts at right angte 



to the axis throitgli its middle point, w denoting the weight of 

iliP linnid displaced by the cylinder 

^ (Punjab Univ. 1935). 


Ki. 3. plane lardina is immersed in a liquid with its 
plane vertical. It is rotated in its plane about a fixed point lying 
in the surface of the liquid. Prove that the locus of the centre 
of pressure of the lamina is part of a straight line so long as the 
lamina is totally immersed (atmospheric pressure is neglected). 

A plane lamina in the form of a regular polygon having 
ji Btiles of length a is totally immersed. Prove that centre of 
pressure lies wiihm or on a similar polygon of side 

f J 2 cos " + Sec"! 

IzL n n J 

(Tripos Ft. II 1927) 


Ex. 4. A uniform sphere of weight zo, sp. gravity cr and 
radius a is wholly immersed in water with its centre at a depth 
k Show that if the sphere is divided by a vertical plane 
through its centre and the hemispheres *hre smoothly hinged 
together at their highest point the magnitude of the least 
horizontal force through the centre that would have to be applied 

in order to separate them is ' _3 / , i ^ 

16 ' ■ 

(Tripos Pt. II, 1925). 

Ex.5. A mass of homogeneous liquid is at rest under the 
aitfon of a force whose potential is a quadratic function of rectan- 
gular coordinates, so that the surfaces of equipressure are 
ellipsoids. Show that, if a body of any shape is held immersed 
in the Hquid, the resultant thrust on the body may be represented 
as a force acting through G, the centroid of its volume, and 
ffiracted along the normal to the surface of equi-pressure throu^ 
6, with a couple which depends on the orimtaikHa 

&8 bo% but not on the position cf G in the Hquid 
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Let It be the potential so that 
V ac S {Ao(?-\-2Fyz-\-'^u^) 

We also know that^-f-V =cons. 


By § 3.11 we know that the components of the toic; 
system due to the pressure of the liquid are given by (X,V,Z, 
L,M,N) where 

L= -a dxdjdzetc, 

the field of integration being the region enclosed by the solid 
body. 

.-.X^fff^dxdydz 

///It''* ■'!' 

=— 2P jf J^(Fx 4-H2/H-G2+?<) dz dy dz 
= -2P(A?+H^i'+u) t 

where t is the vdlame of the solid and ("J, y,~z) the co-ordinate^ 
ofitsC. G. 


Transferring the point of action of the force components 
(X, Y, Z) to the centroid of the mass viz fx”, y,T) the components 
of the fcree acting at G are proportional to 

(A Hf +6 z -f-«) : (H X -f-B y -}-F 2+»)- (Gr y^z +») 

«-,|M tfm .rail _ ' 

^ jc, T. * r, * ^32 Jx,y,z=r, y , , 

or, proportk)nal to the direc^oii. eofflnes e£ the normal at G to 
the sarfaoe of eqniprbSBara pass^g through 6. Hitis 



the resultant force is in the direction of the normal to this 
surface. The transference of the point of application of 
the forces (X, Y, Z) to G- involves the introduction of a 
conple, whose components are 
z Y— y 2, a; Z y X— x 

Thus the system reduces to a force t hrough Gand a couple of 
oomponenta 

L-f- zY—y Z, etc., 

Let o, h, c, f, g, h be the moments and product.s of inieria 
<rf the body about axes parallel to Q) xy z passing through the 
tientroid G. Let a', V, c', g\ h' be similar quantities about 
.‘ix^ Q xy z. 

Then dx ,Jy dz, 

V = f f ^ dx dy az, 

dx dy dz, 

f —f J Sy * d.x dj dx 

IS 

g’ —SSS dx dy dz 
Jt’ ’^J'J'J'xy dx dj dx. 

it follows at once that dx dy dz = — — etc. 

Also, a' — a+ t \^'^+ z% /=/+*» « 
t being the volume .of the solid. 

Sow, we have L+T Y—'yZ 

=J ~ j 1^) dx dy dt-\- zY—yZ 

“ “ 2P*/' y'y'[y(Gaj-|-F y -|- Gs+w) ~ ) 2 s(Haf-f-By + 

ilH'i +B'y 4-F^4-i>) {— Pf)-2y (G¥4-5'ir+0T-|-«X-*^j 
*»(“2P) { (Gh^-Hg04(O-B) \ 
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+ 2Pt { (G 3 ” y -H a: 2 )4- (C— B) y z (y ‘ — 'z *) } 
=(— 2PX { G(a'- ixy ) — H (ff'—tx z ) I +(G-B) 

(f'—t'y^)-^'F(e'~ — z *)'\ 

- -2P{(GA-H^)+f'(’'- B)/+F(c— 5)] 

This depends only ou A, B, C,.*-and a, b, c..., none of wMcli 
depend on the position of the centroid, a, b, c..., depend only 
on the orientation of the solid. Thus the couple depends only 
on the orientation of the kxly but not on the position of G in 
the liqu^ 

Ex. 6. A hole in ihe side of a ship is closed by a circular 
door 5 ft. in diameter hingfd at the highest point and held 
inside against the water pressure at its lowest, part by fastening. 
If the highest and lowest parts of the door are at a depth of 4 
and 8 ft. find the least force exerted by fastening. 

Ex. 7. A hemispherical body of radius a is entirely sub- 
merged in a liquid of density P so that its diametrical plane 
makes an angle 6 with the horizontal and has its centre at a 
I epth h. Prove that the resultant forc« on the curved surface is 

ahms B } ^ 

(Tripos pt. I, 1920; I. 0. S. 19i56i 

* 

h.x. ft A portion of a sphere cut off by two planes through 

its (ssntre inclined to each other at an angle —is just immersed 

in a liquid witfi one face in the surface. Find the resultant 
thn^ on the curved sarfice and show that it mak^ an angle 

^ -I 

tan I — — I ) frith the hoiiaontal- 

(L G..8. 1937) , 

Ex 9. In the tvro ixnm^Bed diipotddL mrfiiCiMii 
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and (ii^ 




>a', c<<^'T^-axi8 is vertical and the surface of the water is 

■It a height A (>c) above the plane otxj/. Prove that the resultant 
jiorizt'Hial pressure on that part of (i) which lies on the positive 
and withoa' the surface (ii) is 


, h'c' (g* — g'^) 


being the weight of water displaced by volume of (i) 

(I. a a 1935 ) 


Ex, Id. A plane area bounded by the arcs of the four 
jwrabolas y'^'~4thxj x^—icy and x*=idy is placed ver- 

tically in a homogeneous liquid with x — axis in the liquid line. 
Shew that depth of can- re pressure is 

¥ 

Ex. 11. A heavy heterogeneous liquid fills a semi-ellipsoid 

-j 3 

R]nH« equation is Show that in order that 

the liquid be in equilibrium the fluid arranges itself in such a 
way that density of any element is a function of ‘z' coordinate 
only L e. of its depth below the horizontal surface. 

Assuming tha* P = ^rz prove that the resultant action 

(Xi one of the octants into which it is divided by the vertical 
planes viz and y*=o is a single force acting in the line 


'■■r(^±h 

r ,r«: 

V 2 ; 


'by- 


i'r (!^) 
r(l)r(t±5) 
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.rC^) «■' r rii) 


Ex 12. A cubical box of side a has a heavy lid oi weigh' 
ir movable about one edge. It is tilled with water, and held 
with the diagonal through one extremity of this edge vertical Ifi» 
be now made to rotate with uniform angular velocity eo shov. 
that in order that no water be spilled, ir must not be less than 

1 


w*a 


{ 7 4- 

^ ^ 2V3 g 


) 11 ' 


where W is the weight of the water in the box. 


Kx. 13. A liquid of depth -*a and uuilbnn density P W 
Buperposwi on a liquid of density 2 P and depth greater thau a. 
A circular lamina of radius a is placed with its plane vertical 
and its centre in the surface common to the two liquid.s. Deter- 
mine the depth of the r-entre of pressure neglecting atmospherii- 
presstare. 

( Tripos pan 1 1937^ 


Ex. 14. A ve^seel in the form of a right circtilar cylinder 
of raditis a is held with its axis inclined at an angle a to the 
vertical and contains a volume of water which is such that iiit- 
circular base oi the vessel is just covered. >Show that the resul- 
tant of Ihe pressares exerte<l by the ovater on the curved snrfa<i« 
of the cylinder is a single force of the utagiiitnde 

gP a* (See a ~ Cos a ), 

where P is the density of the water, and a iiuusplieri’- 
prMSBre » i^lected. 

Ex. 15. A Ain glass flask consists of a portion of a sphere 
of radim a on a plane dircaiar base of radius a cos a, and a neck 
in the form of a drcular cylinder of radius a cos cc. The flask 
is ^mm^rical ahcml a v«&al Kna W^r is poured in until 
Ae horis-^ntal cm half of Ae nedk and rm half di A« 
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spherical portion bounded by a vertical plane are equal. Obtain 
an equation giving the depth of water in the neck and deduce 
that whatever the value of a the ratio of the depth of water in 
the neck to the depth in the spherical portion must exceed 
l + VS. 

Ex. 16. A rectangular block whose edges are of lengths 
2a, 25, 2c is divided by a plane through the centre perpendi- 
cular to the edge of length 2 c, and the two halves are hinged 
together along edges parallel to those of length 2a. The whole 
is then immersed in a liquid with the line of hinges inclined at 
an angle 6 to the horizon and the dividing plane vertical, the 
hinges being in the upper face. Prove that the two halves will 
not separate unleess 

{ ( 1 ~ib > 2 hd, 

where d is the depth of the centre of gravity of the block, <r the 
density of the block and P that of the liquid. 

Ex. 17. A cone, whose vertical angle is 2u, has its lowest 
generator horizontal and is filled with liquid ; prove that the 
resultant pressure on the curved smface is ^ ( 1 -f 15 Sin ^ a) 
times the weight of the liquid. 



CHAPTER IV. 


Equilibrium of Floating Bodies. 

4.1. The Principle oi Buoyancy:— We shall first consider 
the case of a fluid-liquid or gas, homogeneoTis or heterogeneous, 
ai rest under the action of gravity only. If any curved closed 
surface l>e traced out in imagination in such a fluid, the presaurei 
exerted on all the elements of this surface by the surrounding 
fluid have a single resultant, which is equal and opposite to the 
the weight of the fluid enclosed by the surface. This follows at 
once from the fact that the fluid inside the surface is in equili- 
brium under the action of 

(i) its own weight acting vertically through its C. G. and 

(ii) the fluid pressures at-ling normally on the sur/ace 

The rehii'iaut of (ii) is accordingly equal and opposite to 
(i). If the t nrved surface is not one merely traced out in imag- 
ination in the fluid but the surface of a solid body placed in the 
fluid, result is the same. Hence the resultant pressure of a heavy 
fluid on the surfat^ of any solid body placed in it is a vertically 
upward force equal to the weight of the fluid displaced by the 
solid, acting tlirough the C. G. of the displaced fluid. If the 
solid is in equilibrium solely under the action of its own weight 
and the fluid [iressures on its surface, the weight of the solid 
marf be equal to the weight of the displaced fluid and the centres 
of gravity of the solid and the displaced fluid must be in the' 
same vartteal line. 

Ex. I. A nnifom rod A of small normal cro^ sectum 
and weight W baa a maas of meta! of atuali volmne and 
W 

— attached to eitremitj E. Find., ^ ooraiMw Hitd iborod 
i^l Ami at all anglm in a given 
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Let A B be the rod, its lengift 
being 2a. Let G be the C. G. of 
the rod and the piece of metal attached 

at B, 90 that B G = ^ 

1+1 

n 



If P and s be the density of the liquid and the rod respecti- 
velv, we have W = 2 acgs^ and by the first condition of equilibrium, 
weight of the solid must be equal to the weight of the fluid 
displaced, — we have 


1 

yP c BE ~ ( — h 1) W, c being the cross section of the rod. 


Also the 0. G. of i-he fluid displaced viz. the mid-point of 
BE must be identical wdth the point G, by the second condition 
of equilibrium 

2a 

Thus BE 1 + + 

n 


;• W(l+ - ) =q9 C ^ 

n' 1 - 1-2 

n 


W P 
1 + 

n 


or, ( n + 1 j ^ s=Pn* , which is the required condition. 

Ex 2. A solid ellptic paraboloid whose equation is 
X* , y* * 

height h is floating with its axis vertical and vertex 
downward. If the horizontal surface of fluid is at a height 
f the vertex, prove . 

p 

^ ; p and afieing the dendt^ of the liftsdsuid the 
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The rdam© of the solid boaiided hy 

P 

the plane “i 2 c/ z for the 

J s e 

iK<!iion by any plane ^ = 2 is an ellipse 

dT axw a yz and h\z respef^tirely so 
e c 

i 

1 

tha t ike w^lwme of a thin element of thiekne^ rfe is ^ — s dz. 

e 

Heiioe if O’ is the densty ot ihe the wei^lit of the 

‘ ^ <26 A®, 

aolidis ^ 

c J* 

Similarly the weight of the fluid di'^plaeed is 
k 

J z d * ^Pgl{tp being the density of the liquid 

Hence by the first condition of flotation a h*~Pk^. 

Ex 3i. A holbw hemispherical shell has a heavy particle 
fixed to its rim, and flosds in water with the particle just above 
the wirface, and with the plane of the rim at an angle of 46° 
to the enrfat^; shew that the weight oi the hemisphere; the 
weight of the w^er it would contain 

::4V2— 5; 6V2. 

Let a be th » radios of the hollow 
lumriBphfflre, G' its C. G. so that 

O G'= 1 

Ldt W be its wea^t ami W' 

Ikil of the Imavj puridb al B. Itte 
l«niiafih«re ftaate Hie aoritm if 

(i) a fijcee W aotang vwrfesdij' ^wnwards through GK, 
CS) a §mm W' „ „ » 
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n) the resultant of fluid pressures acting on the surface 
BC of the hemisphere, which by the principle of 
buoyancy is equal to the weight of the fluid displaced 
i.e. the fluid that can be contained in tlie Segment 
bounded by the horizontal plane 

Taking any plane at right angles to 0 P, the vertical 
through 0 at a distance z frotii 0, we see that the volume of at 
8niallelementofthicknes8Ja:iB’-(a»-*-^) dx. Thus the volume 

roQ 

of the spherical segment BC is I — x^)dx. 

Taking moments about B, we have 

, _ 4 . ) = 

\i2' V2 J OP 

^ j — x^)dx 

V2 

4V2-5. 

^-^gPa^ ~ 8V2 
3 

Ex. 4. If the height of at right rirCulat cone he equ^i 
to the diameter of the base it will float with its slant side 
horizontal in any liquid of greater density. 

Ex. 5. An elliptic c;;^Iihder of ihs^of and initiOt axes 
(2 s, 2 5) floats in a homogeneous liquid with vertex of the 
(l%t^ section at the top Just above the liqriid. If the angle 
thi4 fee axis mak^ with the vefl^titsti; hb prhve that the ratio 
<i fee hi^^t h of the cylinder to its semi axis a is 

5 

4t0nA . ' ' ' ; 



( 


r^et the plane of the paper represent, the 
v«rti(»l plane through the major axis 
AB, Let AE represent thet rrace of the 
horiaontal plane of flotation. Since 
the angle fa^ween the vertical and 
the axK is 9, the angle between A B 
and AE is also 0 . 



Hence tdcing AB, AC and a line through A 
to the plane of the paper axes of jr, z and 
tlie equation of the cylinder is 


perpendicular 
y respectivt^ly 




and of the plane AE, z—xtan 9. 


Now by the principle of buoyancy the C. G. of the cvliud.,- 
^ G and the 0.0. of the fluid displaced by the cylinder i.J 
of ^ portion ACDE vizO" must be on the same vertical line 
It G, of the portion AEB must lie on rh 

Now the oootdinatoe of G' are easily computed. If we tak. 
any dement das d,(rfthfi section of the cylinder by the plans 
the volume below the plane AE is * tan 9 dx dy, the G. G. 
of ^ element being (*, y, ^ x tan 9). 


He«5© if ( X, y, 2 ) be the coordinates of G'' 


J j~ ■/’J' dmdv 

J* ^ 

~ ^ 0 Y Asdp 

J • tm 9 dx Jy* 


sfpBmety. 
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f 2a 


dx 


'5 V I — (a: — a )» 


® a; *jfan 8 dy 


o -J 6Vl” 


— a y 


a 


2a 


dX 

o 

4 . 


V I — {x—af 

® 8 dy 


— SVl — ^ a ; — a y 
a 


Similarly z = ~ tan 8. 


Al 80 clearly ooordiaatas of G are (a,o, ^ ). 

Since G G' is at rt. angles to AE whose direction cosines 
are {cos 8, o, sin 8), we have 


{ ^ — a )cos B tan ® ) sin 8 = <? 


h 5 tan *8+2 
or, -= - 
a 


4 tan 8 




Ex. 6. Prove that the ratio of the densities of the cylinder 
and liquid in the above example is 


<x _ 1 + Sec^B 

P 2+ 5 fan® 8. 


Ex 7. Prove that a triangular prism floating with its edges 
h»imntal has in general three positions of equilibrium . 

Ex. 8. A solid cone whose height is h and vertical angle 2 a 
bss its vertex fixed at a distance p beneath the sur&oe of a 
^MaagMmcmg liquid. The cone is in equilibrium with its arwi 
JEstoted at an angle 8 to the vertical and ii^ base above 

nmvA iKnt ' i' 
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P < coi # coi h^\cos {B-a) cos (B + a)l® 

Let the plane of the 
paper represent a vertical 
plaae Ibrougb the axis VZ 
of the tsone. Let VX be 
1 to VZ in this plane anil 
VY be 1 to the plane XV 
Z. With VX.VY.VZ «« 

reetmigtilar ax«i the equ- 
ation of the right cirtnlar 
ecme is 

(a * -t-y *) = 2* ian *a, 

a being the semi vertical angle. 

Let the trate of the horizontal plane of flotation on the 
vertical plane XVZ le AB. Draw VX' parallel to AB. In order 
to find the eijimtions of the iiectiou of the cone by the plane of 
flotation, let us transform axes to VX', VY and VZ', where VZ' 
is ± to VX' in the plane of the paper. 

Let <X V X' = fi, then if ( ±',^', 2 ' ) be the coordinates of 
aa^ point P { x,y ,2 ) in the new system 

X — x eot B—z' sin B 

S - !/ 

Z— x' sin B ti cos B. 

H«efe die eqoMlon d the tsone in the new coordinates is 
(x’ cm B—z'. •)* 4 f** =( *' da # + ^' chs # )‘ian‘ a. 

tqidalien 4>f tie pMtie AB is elete-ly 

z^^jp, winie . 

H«bc* th# eqaatioa of dbe ellh^c section by tbe plane of 

Mda&mm 
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(x* cos 6 — p stn SY 4*^ * =( *' sin Ytan* 0 L 

and z'^p. ^ 

, p Cos e Sin g Sec^g 
'* Co8= e-Sin^fi tanV ^ 

— - — — i j»l_ 

p^tan^a ^*tan*ot 

(Cos*e— Sin®« tan^a)^ (Cob * « — Sin^« tan’a) 

and z'=p. 

Hence if C be the centre of the elliptic section 

Z'G — P ^ ^ Sec^a 

Cos'’ 9 — Sin’ 9tan’ a* 

Also, the volume of the fluid displaced 

= volume of the cone VAB 


~ i p (area of the elliptic section AB) 

1 ’tan’ct 

=§ p P ^ 

(Cos’® — Sin’etan'^a)’ 

Let C. G. of the cone V A B be G'. Evidently it must lie 
cm the line joining V to the centre C of the ellipse cut out by the 
plane of flotation. 

Also VG' = |Va 

Hence the resultant fluid pressure on the cone is an upward 
Twtical force of magnitude 

p tan’g 

. ^ (Cos^#— Sin*fl tantt)’^ 
acting through G'. 


cone is in equilibrium under the action of fiwee, 
ilsweig^ viz. JpoAHjm’a, acting at G whcfe YG*=|T 'Z^ 
s^ the acfion of the hinge at V. • 
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» (|VC Sin CVZ') 

3(Oc8*«-Sm* etaQ*a^ 

A* tan* a (Y G Sin Z \ Z') 

orjg’P ^ , |Z'0=<rA * fcan*a(USin9) 

(CoB*«-Sm*etan*a)’ 


or, Pp* tan* a cos 9 stn S sec* a _tx . 

P p *eo$ 9 cos *a=or k*[cos*9 cos*a — sin® 6 s?’n*a]*'* 
= a A*[cos (9 — (z)cos(8 + a )]'^* 


Ex. 9. If in the above example the density of the liquid 
variea with depth according to the law p find the correspon- 
ding relation. 


Ana pp* cos8 cos®a= (r+4) or h*[cos (9 — a) cos (S+Q^)]^' 


Ex. 10. A solid is formed by revolving a symmetrical curve 
* )» about its axis of symmetry which is 0 X, (vertex 
being tbs caigin 0). It is divided by a plane through its axis 
aad tlw parts connected by a hinge at the vertex. The system 
is now {daoed in a liquid with its axis vertical and vertex down- 
ward. If it Boat without separation and k be the length of the 
axb immersed and A the height of the solid, shew that 



Lsl P 0 Q be the sdid of re* 
Toliitiasi ai^ 1st A Bbe die level up to 
it » txpomaed m %aid. 
lici it be divided tibe ^aim L O M 
at ngbt aogiea to die ^uae of the 
pi^ar. Let OX be the kis of 
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8yraiaet.ry and 0 Y be X to OX in the plane of tbe paper .and 
0 Z X to OX in the plane L 0 M. Consider first the entire 
solid. Since it is in equilibrium we have by the principle of 
buoyancy. 

r ^ p 

yff I '^y*dx—g^ I ^'"y^dx, 

where a is the dsnity of the solid and P that of the liquid 

fh 

I 



Now consider one half of the solid divided by the plane 
0 L M. The forces acting- on it are: — 

(i) the weight of the half solid acting at its 0. G. 
viz G; 

(ii) the weight of the fluid displaced by this half of the 
solid acting at the point G', the centroid of the fluid 
displaced; 


(iii) the pressure p on the plane 0 L M acting at its centre 
of pressure N; and 

(iv) the action of the hinge at Q. 

Now (i) is evidently 




dx acting at G, where y the distance of G from the 


axis 


i-j;- 


ih) 
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Similarly (ii) is 

g9 * 

2 J rfa; acting at G', where y' the distance ofG 

from 0 X is 

- — 

g-^P I y* dx 

Evidently (iii) is 
'k 

y dx acting at X where 


O.J 


2pyx dx 


k ,i> beings P (^—s) 

2py dx 


Hence taking moments about O 


y* dx X- 


»_oP 

/■ 


> 


dx 


-P 

f»S 11* X- 


w 

w 


W 


I 

jr* dts 

>»> 



1* 

k j 2p X 

^ydx ~ 


y dx 


- ' 3 


^ JP Uf ^ ^ 
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or ^ 


P 2c P 

I y* dx I y^dx — 2 I x(& — aj) y dx 


vr 



dx-\-8 


fk Z 

I xy(/c — jr)dx > P 





® dx 


flcf V 

i y^-\-8r(k — x)y ^ dx 

J J cr 

''k 

y*dK 

• 


Ch 

y^dx 

S’«x J 



^ t 


Ex. 11. .A hemisphere is ju-st completely immersed with its 
centre fixed and is kept at rest with its base vertical by means 
of a couple G, determine for any values of P and cr the reaction 
at the centre and the couple, ^’ripos pt. 1, 1915). 

Aus, Horizontal component of Reaction — a'^P 

Vertical ,, ” ~ a • (a — P) 

4. 2. Body floating in a heterogeneous liq^uid: — 

If the body is floating under the influence of gravity alone 
in a heterogeneous liquid the positions of equilibrium are still 
given by the principle of buoyancy proved in § 4. 1. For the 
resultant pressure on the floating body is still equal and opposite 
to the weight of the liquid displaced by it. Only in filling up 
tlte gap the law of density must be maintained i e. tJie surfaces 
of equal density must be continuous with those of the surroun- 
fing liquid. . 

4.3t General Rrincaple of Buoyaiw^: — 13ie xsndtSBt 

ftnd pressmre cn a body ^.pesrtib||y imBMsiwd ra a 



fluid, whicK is at rest under the action of given forces, is eqoai 

opposite to the resultant of the external forces which wonif 
act on the displaced fluid. For imagine the solid abolished ajd 
its place occupied by the fluid This fluid is in equilibrium under 
the action of 

(i) external forces acting at each point i f the tncloe^i 
fluid. 

(ii) fluid preraures acting normally on the surface (S) 
enclosing the fluid. 

Hence the resultant of (ii) is equal and opposite to that of 
(i). Now clearly the system (ii) is the sanm whether thf^ tpace 
iafflde S is occupied by the solid or by the fluid. It followi 
|h<wi that the resultant of the fluid pressures acting on the boun- 
dary of the solid is equal and opposite to the resultant of tbe 
external forces acting at each point of the displaced fluid. It 
should be noted that this resultaut may not reduce to a single 
force. 

Hence if a solid is in equilibrium under the action of tlie 
fluid pressures and external forces which act equally both on the 
•cdid and the fluid, the resultant of the external forces acting on 
the solid must be equal and opposite to the resultant of ti» 
sxtemai forces acting on the displaced fluid. 

Ex 1. A bomogfeneous liquid of density P surrounds coi&' 
^teiy a solid maw M of any shape whatever. The solid and 
the Mq^cud attract <me another according to tue law of direct 
cfttaaee. Prove that free surface of the liquid is a sphere. 

A small t^jrlmdert which is also attracted by the solid aooa- 
ding to the sau^ law fleets in the liquid. Show that it uw 
float with ^ axis mieeied towards the centre of mass of M a^ 

td{9 A )=(a- P A'*) 



P,!T being the densities of th^ 
liquid and cylinder, h the height 
of the cylinder, h’ the length of the 
axis itnmersed and d the distanc of 
the centre of the face nearest to the 
centre of mass of the 8 did from it. 

Since the law of force is that 
of direct distance, the resultant attractu ii of the solid mass on any 
particle is in the direction of and proportional to the distance of 
the particle from the centre of mass O of the solid. Taking 0 
as the origin, the eqtiation of equilibrium is 

dp= — dr 

so that P (d* — ),\ 

where the radius of the fr«.e eurtace where jp=o is A. 

Again the resultant attraction of the mass J/ on anothsr 
mass M' is n MM'O P, P being the centre of mass of the second 
body. Now the cylinder is subject to two forces 

li) the resultant pressure of the surrounding fluid, and 

(ii) the resultant attraction of M . 

Force (ii) is evidently ]ij\i a^h a) 0 P, and acts along OP, 
where a is the radius and P is the riaid point of its axia 

Force (i) is the force which is equal and opposite to the force 
acting on the fluid displaced. It is, therefore, Mu P) OQ, 

along OQ, h' being the lenffth of axis immersed in the liquid and 
Q k the mid point of immersed portion of the axis, assuming 
that a is very small compared with A . 

In order that the cylinder be in equilibrium 0 Q and 0 P 
must be in the same line so that P,Q,0 are collinear. As P,Q are 
two points on the axis, it is therefore oriented towjurds 0. 

TO* A' P(OQ) 




or a h {fl — 9 h' {d ) 

P <r4)=(ff A"' — P h '^ ). 

Ex. 2. A n^ihf cinrular coue floats with its vertex downward 
in a reetangnlar tank moving horizontally with acceleration f. 

Show that the axis of ihe cone makes an angle lan g with the 

horizontal. ^ 

Find also the nature of free surface. 

Ex. 3. A circular cylinder of radius a flo ts in a rotating 
liquid, itself remaining at rest with its axis vertical and a length 
h unimmersed. Shew that if the cylitider is sufficiently Jong, it 
will float in equilibrium with its upper rim in the surface provided 
the liquid is made to rotate with angular velocity y~gh 

a 

(Triops Pt.T, 192t) 

i.4. Suriacea of h Iniatiou. 

In order to specify the orientation in space of a floating 
baly Uke a point ot the ixxly say its C. G., G and draw out lines 
GA, GB, . in all dinctions tixed in the body. These lines 
may be called axes of orientation We may then specify the 
orientation of the body hr stiying that G.A for example is vertical 
and directed downwards towards the base. For our present 
purples all positions of the lody obtained by rotating it round 
vertical G A must be regarded as equivalent 

Plane oi flotation is a plane (AB) which cuts off a volume 
V such that the weight of volume V of the liquid is equal to 
that (rf the body (V\ ) bo that W— ^PV, P being the density of 
the liquid. Volume V k called displacement. 

The S6.‘tion (rf the body by a plane of flotation is a plane 
area, which is called the the Area of Flotation. In all postihle 



^.osiiions of equilibrium of a giveu body floating freely in a 
given liquid the displacement is constant For if we orient the 
body in 8 ioh a way that the axis of orientation J. to a particular 
plane of flotation is vertical, the plane of flotation itself being 
made to coincide with the surface of the liquid, then by the first 
condition of flotation weight of the body must be equal to the 


W 


weight of fluid displaced so that V = ^p= const 


Hence without any reference to second condition (which may 
nr may not be fulfilled all possible conditions of equilibrium are 
exhausted by describing planes w'hich cut off a constant volume 

'^’from the body. All such planes are possible planes of 

... 

flotation for we have only to make the axis of orientation at 
right angles to this plane vertical ani the intersecting plane 
coincident with the free surface of the liquid in order to make it 
a plane of flotation. 

Ijct ns now considerthe envelopeof all the planes of flotation 
catting off equal volume. Such a surface is called the surface 
of floiatiou and is characterised by the fact that every tangent 
plane is a possible plane of flotation. 


Ex. Prove that in all cases two and only two tangent 
planes can be drawn to a surface of flotation parallel to a given 


4‘5. A Theorem of Bouguer and Dupin:— 

llie point of contact of each plane of flotation A B with the 
envelope surface S is the centre of gravity of the corresponding 
area of flotation. 

To prove this we use the lemma: — 

If we consider a tangent plane to a 
Kirfaoe, the point of contact of this plane is a ' 
fiwnd to lie on, the line of intersection trf this 
and any other tangent plane infinitely 
dcee to it Thus the common point of the 




lines of intersection ot this plane with neighbouring- tangent 
planes is the point of contact. 

Now let A B and A'B' be two planr-s of flotation iuc-Hned 
at an B and infinitel/ close to each other. Let us take a system 
of rectangular axes, the line of intersection of AB and A'B' ag 
OX,Oy in the plane A B at right angles toOX, and 0 Z normal to 
the plane A B. The equation of the plane A'B' is accordingly 
z=ff tan S. Since the v-olumes displaced by the two planes are 
equal, the volume enclosed in the angles A 0 A', and B 0 B' are 
equal Let dx dy be an element of the plane at a point P 

{x,y ) and let z be the height of the point P’, which is the 
intersection., of the perpendicular from P on the plane A B, and 
the plane A'B'. 

Thus z=y tan 9. 

The total volume enclosetl in the wedge B O B' will Ik* 
fX * « being+ive and that in the wedge AO A' will 

be yy'z dx dy, * being— ive. Volumes in the two wedge, 
being equal numerically 

f fz dx dy=o, 

integration being now extended over the whole area of 
flot^ion in the plane AB. 

or, XX y dx dy = o, as z=y tan 6. 

or y=o. 

This the CL G. of the area AB lies on OX i,e. on the in- 
tarsectkm of tlw plane M flotation (A B) with any other plane 
infinitely close to it Thus the C. G. is the point of contact (rf 
tiw* plane with the surfiaoe of flotation. 

Cenhe of gravi^, 0, of the mass of the liquid displaced » 
eiUed the centre d bnojancy. The locus of C for variMi 
posatkuMi of the plane of flotation is called the surface ef 
boojancy. 



Ex 1- Prove that the tangent plane at any point C to the 
surface of buoyancy is parallel to the corresponding plane of 
tljtatioa. 

Ex. 2. Prove that so long as no part ot th:i base of a 
right circular cone float. ug in a homogeneous liquid with verttx 
down-wards is submerged, surfaces of flotation and buoyancy are 
liyperbloids ot revolution. 

Let VP be the perpendicular from V on any plane (ABj 
euitm*' the cone at; d 6 be the angle between VP and the axis 
of the cone. The plane through VP and the axis of the cone 
^li cit the cone in two lines V'A and VB which nterseet the 
given plane in the points A and B which are the extremities of 
the major axis of the ellipse. 

Tl>- ''‘*=c4^a) 


\A.VB Qos (e+a) Cos (6'— a) 

If V is the volume of the displaced liquid, , 

Y = ^ p (area of the ellipse) 

_ tan*q 

3 (Cos®6— Sm^etan-a)’ 

( See Ex. 8 § 4 1 ) 

so that ^ 8 *=Con8. 

[Cos(e-[-a) cos {&— a)'f 

or YA. VB=Cons. 


Since C the centre of the ellipse is the mid-point of the 
line AB, the locus ot C will be a hyperbola with VA, VB as its 
asymptotes, for varying porstions of A B. Hence for all ponible 
positionB of the cutting plane the locus of the <mtre of gravity, of 
&e area of flotation is a hyperbloid generated the revolution 



< no ) 


this curve about the axis of the cone. It follows then 
the theorem of Boiigner and Dupin that this is the surface of 
fk>tation. 

IfH be the centre of buoyancy in atiy position, then H 
lies on the line V C such that \ H = |VC; so tha'. the locus of 
H, — surface of hnoyancy, is a similar hyperbloid. 

Ei. 3. Find the surfaces of buoyancy and flotation for an 
ellipeud and deduce from this those of an elliptic cylinder. 

Ex. 4. Find the surfaces of flotation and of buovauev in 
the cMe of a cylinder of any cross section. 

0 Ite the centroid of th * base and OZ, normal to the 
liase, the line of centroids. 1 he centroid of the cross section hv 
any plane of flotation is the point where OZ intersects it. Thus 
all possible planes of flotation meet in one point, which is acco- 
rdingly by the theorem Bcuguer and Dupin, the surface of 
flotation. 

If U u-,Oz,(hJ>(‘xnkei as rectangular axes and the equation of 
the cutting plane as 2 — /z -f the coordinates iz, y'z ) 

of the centre of biioyaucj are given bv 

r ■/’./ X 2 ( lx d i/ field of iategrafioii 

J'jTz (tx dy ’ being the base. 

%uy -f c ) dxdy | 

r • \ X = /j? -j- hm. 

where a = ffai’ dx dy ti = ff xy dx dy, 
ff X dx dy=ffy dx dy = o . 

Similarly 

S dy=-J'J'y ( la; _|_ pjy c) dxdy 

= {U-\-hmi, 
wher® 6 W J'J'y^ dx dy 



iilsu Vs == 4 S S dx dy 

= § {al^ + 2 A Zm + 1 gS 

Also A c = V. 


Elimiuating I, in from these we have 

— 2 

^ ai — . 

Thus iu the ease of a solid box bounded by planes x = 
.i=^e,z = k floating- with the base 2=0 wholly immersed,' 
we have 

J' ^y~ g (4 d«), X Xy^dz dy =~ (^ide) 

o 

XXo^ y dx dy = 0 \ 
so that the surface of buoyancy is 


or 


~ c ^ 3 I BX 

V dHide) e^{4de) 

^ y ^ a dez 1 

rr^ ■^T^' 3v 

as V ■= 4 c? e c. 


Ex‘o. Prove that the curve of buoyancy in the case of a 
rectangular lamina is a parabola, ' 


4.6. Metaeentre: — 

Let C N, C' be normals to the 
wirfaee of buoyancy at C and C' 
Draw fifi', the shortest distance line 
brtween the two normals, then (i is 
c^ed the meta- centre corresponding 
^ the line of intersection of the adja- 
cent planes of flotation A B, A' B', 
■“Called the axis of inclination 0 x- 



Iti8<^TOus that nn' is p^allel to 0 x forfG N 
rs^oAively perpendieul^' to planes A B and 
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The metacentre ^ is sitaated in general between tlie two 
centres of principal curvature M and m of the surface of buoy:incv 
<C) at the point C. It coincides with one of the centres of 
currsture M or when the axis of inclination Oa is parallel to 
one of the principal directions of the surface (C) at the point C. 

This theorem is really a general theorem applicable to 
curved surfaces and therefore also in particular to a surface d 
buoyancy; we proceed to prove this theorem. 

Take the point C as origin, ON the normal at C as Z-axis, 
and CX, CY in the direction of principal radii as axes of X aad 
■ Y. The equation of the surface in this system of axes with the 
ateial notation may be written as 


y; 


~r ) +•••> small values of z aul 
— , being the principal radii of ciurvature at C. 

Thus CM = ^ , C m . 

r, to 

The equiition of the normal C'K' is 


p q —1 Vl+jr>-+5^ 

Let CV l>e the projection of p p.' on XO Y plane. Clearly 
since |A|i' is normal to Ctt, fiji' will be parallel to CV and V(i 
=Cf» Le. the Z— coordinate of |i is equal to Z— coordinate of ji' 
Now let the dire<aion cosines of pn' be (L, M. N) then since 
K p«rp«Qdicuiar to G p and C'p,' 

N=0 , and Lp + M g = o . 

Hence the directioQ cosinee of CV are are (L, M, o) whwe 
L^d"Mg=o. The equaiKto of the plane CV pV is accordingly 
We aoijf zeqnire the s— coordinate of p', the pobt 
oJ’interaection of C'p^ witih the plane Xp-\-Yq=o. 

. . . . 

’ Any poi^ on ib& Hne bring given by {x+p\ y+g>s-^) 
wn fctvw. 
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(a;4-i?X'l+?>+fX)=o, 

80 that X = _ 

Hence V!x'' = 0n = 3+25+!?/r 

y+9' 

— t-.vh/ 

substituting for p and q from the equation to the surface. 


Now in the limit when C' tends to C,a-, ?/,s tend to zero in such 
a way that the ratio tends to the limit tan a where a is the 
angle made by the limiting direction of CC' with OX. 

.•.Limj=C(.= 




The limiting value oi C(i lies therefore, between — and—’ 

T t 

ie |i lies between CM and Qm. In the particular case when 
a=oor i.e. when the direction of CC' coincides with one of 


the principal directions of the surface at C,— On = CM or Cwi. 
The centres of curvatures M and m correspond to the maximum 
aiid minimum of Cfi and may be called the ‘major’ and ‘minor’ 
metacentres respectively relative to the point C. 

4. 7. If / be the moment of inertia of the area of aotarion 
having an axis of intersection Oar, about this line, the meta- 
cenh-e y. corresponding to the axis is at a distance IIY from 
Cl e. Cn=:IiV. 



%■ (i) ; 'r.^ gi) 



) 

Figure (i) shows the iuifimtely close Bormale CN and C' K' 
with Hti', the shonest distance line between them. Draw e ns 
parallel to C'N' and let e be the projection of C' on the plane 
containing and e p». Fig. (ii) represents the section of the 
body by the plane and C Since is parallel to the axis 
of intersection (See §4.5) and nn' is normal to the plane con- 
taining bVN' and e nn, it follows that the axis of inter section 
is also normal to this plane (the plane of the section shown in 

Fig. ii). 

Let Sii?i=S 

Take as before for j; — axis a line perpendicular to Oj: in the 
plane AB, and O2 as vertical. Let (a-, 2) be the coordinates 

of a point p' or 5.' oJ the plane of flotation A'B' relative to these 
axt«, we have 1 hen 

z = y tan 5. 

Let dx iiy I'C an element of area of the plane of flotation AB 
pLced at p or «/, the moment of iuteitia about Otf is there fore, 
1= y * X tf dx dy, iulegraiion being over the area 01 flotation. 
Let 'oB apply to all the elements of the volume displaced in the 
Isfc c’ase limited by the horizontal plane AB fictitious forces in 
the vertically uyuard direcdon equal to the volume of the 
element. These forces tlien have a resultant equal to their 
sum viz. V acting at iheir centre of gravity C along the 
direction CM. 

Similarly let ns apply at each element of the volume displ- 
a<»d in tim gecond case and limited by A'B' forces equal to the 
volume of the element but acting vertically dotmwards. The 
resultant is again a for<^ V acting at vertically downwards. 

The resultant of fictitious forces is a couple whose juxb 
is C'D, being the distance of O' from the normal CN. The resiH 
may be odculated in another way as follows: The forces 
at the coBosaon elenients of the two volumes canedi 
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liriHg equal and opposite; there remain therefore only ihe forces 
applied to the elements of volume in ihe wedges A A' and BB'. 
Aa elementary cylinder y?p' based on (/ a: and of height * in 
tlM Ist wedge is acted by a vertically downwards force of 
laagnitude zdxd p, the volume of the elementery cylinder. The 
B»inent of this force about Ox is yzdxdy Similarly the volu- 
aieof the cylinder qn' in the second wedge is acted upon by a 
ve;tically upward force, whose moment about Oa: is yz dm dy. 
The resultant of the forces in the two wedges being known to be 
a couple, the sum of the moments ol these forces about 0:r is 
equal to the component of the moment of the couple in a plane 
WH-inal to Ox. Thiis J'J' yz dx dy= V (projection of the arm 
of the couple, G'D in Fig (i) on a plane normal to 0* i. e. the 
j^ne of the section in Fig, (ii). = V. eD. 


But for every given z, whether ol pp' or ol qq\ z is equal to 
^ tan® 

so that tan 6 S S y* dx dy^Y.e D. 

It- «D 

or, ^.=Lim 

’ \ tane 

Also, from the A n I> e, whose angle at ji is 6, we have 


eP ^ 
tan 6 


The point D is infinitely close to C, in the limit, therefore, 

Djt = Oft. 


Hence C n *^1/ v. 


4 8. Positions of equilibrium: — 

The conditions <rf equilibrium according to the princ iple of 
hopyanoy are 

(i) the volume V of the immersed part is equal to ^ , W , 

being the weight of the body, and P the density of the 
liquid. The free surface is a tangent to tine saK&oe of 
flotation. ^ 
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(ii) The line GC maafc be vertical i.e. normal to the surface 
of flotation A B. But as the surface of flotation AB 
is parallel to the tangent plane to the surface^ 
buoyancy at C (Ex, 1 § 4.5), GC is also normal to tk 
surface of buoyancy. The centre of buoyancy owre^ 
ponding to a position of equilibrium is therefore tb 
foot of a normal from the centre of gravity G to tb 
surface of buoyancy. 

Conversely every normal GC dropped from G to the sor&f^ 
of btwyaucy will correspond to a position ol equilibrium obr.tiaed 
by imm ewang the solid up to a volume whose centre of gravitj 
is the foot of the normal considered. In this position G can h 
above or below’ G. 

It follows then that the orientation of the flaotiiigljodyiuth- 
poffltion of ettuilibrium as well as the nature of equilibrium 
(stable, unstable or neutral) is the same as those of a heavy b.dt 
bounded by the surface of buoyancy restinof on a horizontal plant*. 
From this theorem ir is easy to deduce the necessary and sufficient 
(onditions of stability ot equilibrium. 

4.9. Equiibrium of a heavy solid on a horizontal surface. \\t 
shall employ the well-known theorem of Statics that when a heavj 
system is in equilibrium, the necessary and sufticient condition 
ot equilibrium is that its centre of gravity be as low as 

possible i.e. lower than when it is in any of the neighboiiring 
positicna 

' Considrr now a heavy solid bounded by a surface S convci 
at a all pcKsts and resting on a horizontal plane 
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Let G be the C. G. of the body, GH its distance from the 
fixed plane. The positions of equilibriain are obtained by 
determining the positions in which GH is maximum or minimum 
the positions in which GH is minimum being stable and those in 
which it is maximum being unstable. (Lhe segment GH musr 
be regarded as positive or n-gative according as G is above or 
below the horizontal plane. The C.G. can be below the horizon- 
tal if it is external to the body as in fig. IT.) 

Let 0 be the point of contacr of the body with the horizontal 
plane, then the necessary and sufficient conditions of stable 
equilibrium are: — 

(i) The C. G must be on the normal at 0; 

(ii) It must be below the two centres of the principal curva- 

ture of the surface relative to the point 0. 

The first condition is evident, for if there is equilibrium it is 
necetsary that the weight of the Iwdy aciing at G must balan.-e 
the reaction of the plane acting at 0. The reaction at 0 there- 
fore must pass through G, so that GO must be the comtsK-n 
normal to the plane and the surface at 0. 

The first condition being fulfilled; for equilibrium lo ce 
stable it is necessary and sufficient that in the position oi the 
body considered, the distance of G from the horizontal plane be 
less than in all other positions infinitely near to this. Instead 
of leaving the tangent plane fixed and displacing the body it is 
more convenient to regard the body as fixed in its equilibrium 
position and move the tangent plmie. It is necessary and suffi- 
cient for equilibrium to be stable that the distance GO of G from 
the tangent plane at 0 is less than the distance of G from other 
tMigent planes at points 0' infisutely close to 0. 

Take 0 iffl origin, fto tangent plane at 0 aw ar<^ plane, and 
tfai^|ffiB^pal -directiefiB of the Burfe^ at O as axev^ef m and y, 
■ad let Or be on the same side as the surface. 
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Let 0' be any point close to 0. 

Let the equation of the surface be 
*=| 

0M=»- Om= -'being the principal radii of curvature. 

tg 

The equation of the tangent plane at 0^ is 
(Z - z ) =plX — x)-| ^(, Y - y) 

The distance of G ( 0 , 0 , from the plane is 
G:VL={^ — z-\-px-\-qy) Nl 4-^ (2*. 

Now at the point 0, p~q~ss=y— 2 =^o, so that at 0' a 
point infinitely near 0, these quantities are very smalll. Hence 
the expressKiii for G H has the same sign as 

substituting for p,q and £ from the equation of the 
surface. 

Expanding in series of and the expression on the R.H.8. 
we have up to terms of the 2cd order 

e H =?- i?>.v+i.y)+s(r.x^+i,j,^)+ ... 

=!+ir,’ (1 -?) +4t,y, -j -5)+ .. 

For the value of G H to be minimum it is necessary and 
saifficient thi^ the coefficients of *^and y’^ be positive. 

or, ?<— and t< — 

To t, 

* «. ^<OM, and ?<0»». 

Hence G mmt be below the ‘minor’ meta-centre. 

Besittrk I: In that w© can indifferently suppose the point G 
♦0 be iotenor to the aarface, regard brnng bad to the ptopei' 
sign of G H. 
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Remark II: The necessary and snfficient condition that 
the eqailib' iuin of a floating body be stable is that G nmst iie 
below j», the minor meta centre. 

We have already seen that tlie distance 

Cm =^T where I, = the minimnm moment of inertia of the 
plane of flotation with respect to an axis passing through its 

mitT . 

Hence for stability of equilibrium 

ce z I 

4. 10. We shall now prove the necessary and sufficient 
(ondition of stability of equilibrium by another method. 

In § 4 . 6 it has been pointed out that when the direction of 
OC' coincides with one of the principal directions of the surface 
of buoyancy at C, or C m. 

In this case the normal at C' to the surface inierecte the 
noraial at C and n, n' coincide with the point of intersection. 
ITie axis of intersection in the area of flotation is a line 
paral'el to the line of intersection of the tangent planes at C 
and C 80 that the axis of intersection is a line through the centre 
of gravity of the area of flotation parallel to one of the principal 
directions of the surface of buoyancy at C. There are accor- 
dingly two such axes of intersection corresponding to the two 
{ffincipal directions of the surface of buoyancy at C. If 1 1 , 
be the moments of inertia of the area of flotation about thase 

«e8 then by § 1-6 0 jn = y* 

Since CM and Cm are the maximum and minimnm value of 
I, being the moment of inertia dbont line 

centre of the area of flotsdhm, it Sdkws I, 
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Z I Z Ii, 90 that I, and la are the greatest and least moments 
of mteria of the area of flotation. Consequently the corresponding 
axes are principal axes of inertia. Consider now a rotation 
the body alx)ut any one of these two axes through a small angle 
B. In the displaced position, a vertical force W =(yPV) a(^ 
through G parallel to C'M, which is the vertical in the displaced 
poeition and the fluid pr^ure ^PV acts vertically upwards (ic. 
along C'M) through the new centre of buoyancy O'. Haw# 
assuming G to be below M, the moment of the restoring (“onple 
is G M Sin 9 (gPV) and is about the same axis about whidi 
the body is rotated. 

yP V. G M Siu5=yPV (CM-CG)e, e being small. 

If on the other hand the Liody be rotated through a aiiiai, 
angle 9' about the sewnd principal axis of inertia of the area of 
flotation the moment of the restoring couple about the axis d 
rotation is yP — \h'>9'. 

If the body is rotated through a small angle about any ara 
through the C. G. of the area of flotation, it may be resolred 
into two small rotations 5, 9' about the principal axes of inertia, 
^he restoring couplffii set up, therefore, will have momaiti 
PJ - -Yh] 9 and yPJ, - 

In o -der that the equilibrium be stable ii is necessary tktf 
ihsm nmments be positive, m that /i = CG<^ and 7a =0 G <|. 

Goavermlj if k=( ^(where I, <Ii>the two ooi^ 

have poeative moments and tend to restore the body to its eqaifi- 
brium poeition. 

Ex. ] A at^id ci radius a and length k ftjite 

with its axis v^tieid. l%ad the c^nditicm of stable ©qt^lwitBa. : 
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If the length immersed is ft', we have 

-n- a*ft'P='^a*Aacr 

■ f 

:K'= 


00 = ^, O G = 80 that CG=-- 

2 2 2 


For stability 

(^a*) a^) 

CG< -4 = 4r“=il' 

\ . ’Ta**' 4ft 

h-h' 

^ 2 “^4^' 

Ei.2. A uniform right circular cone ofspecific gravity a, whos j 
base is an ellipse of semi axes a, b {a'>h) and whose height is h 
floats freely in water with its axis vertical and vertex downwards. 
If the equilibrium is completely stable, shew that 

g>/ 

If k’ be the height immersed, then by the principle of buoyancy 

A,p,a a' =f ,p (I-a) 


or, h (T* =h' 


A being the area of the base and A' of the plane of flotation. 

The plane of flotation is an ellipse whose axes are i j' j ) 

u T , ■ ir- u . • • ■ b^k'Yabh^\ 

hence 1^, the moment of inertia about major axis is ) 

Also 0 G = and 00=iA',0 b^ng the <»-ntre of buoy*n<^. 
Ffi stability CG = %{h — 
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or, |(A— A')< 


lPh!\^aW^ 
Ah*]-^abHnt' S 
' 3 > 


cr, l{h-h') < 


3b'k ' 

4A=* 


or, =(A’+i*) h 

80 that 


Ex.3. If a Hoiid cone of denwty a floats in a liquid of density 
P riiow that the equilibrium is stable if 




vertex downwards 




^’•vertex upwards, 


r,h ln-ing the radius and height of the cone. 


Ex. 4. A thin rectangular strip of uniform material having 
sid^ of length I and '^a is l>ent into a channel of semi circular 
section f radius a and length I > with open ends and immersed in 
water. The specific density of the material is 

Confining attention to positions in which the straight edges 
of the channel are horizontal, show that there are two configura- 
tions of liable enpiilibrium. Are there any configurations of 
ua«ahle equilibrium ? (Tripos pt 1 1927) 


Ex. 5. The radius of gyration of the section of a ship at the 
water level is 20 ft., and the volume of water displaced is 24 A 
cubic ft. where A is the area of the water line. A^uming the 
curve of buoyancy to be a pandiola show that if the C. G. of the 
dhip » i" ^bove the mela-centre, tite dnp will heel over through 
abcmt 5° into a position of eiable of egtrilibriTTm 

(Only rolling dt^dacements aare to he oontut^ed) ' 
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Let the tsentre of gravity G be on the axis of the parabdla 
ti( buoyancy and let m be the corresponding meta-centre. 

Then p _ Ak* _ A(20)* _ 50 - 
V l4A 3 

:■ 0G = Cin + f=(f + i)ft 

Also since C m = radius of curvature of the parabola at the 
T«iex = 2o, 2a being its semi latus rectum. 

Thus 2a = ~ft. 

Other positions of equilibrium are obtained by drawing 
*»inals from G to the parabola. 

If |i be the slope of a normal, its equation is 
sc — 2a II — a>i*. 

Since it passes through G ( ^ -j- _ ^ o ) 

3 10 

we have 

J* ( y -f- — a ji* =0 


The solution ^l = o corresponds to the position in which the 
aiB is vertical 

The other two solutions give the oblique positionB of equiii- 
kamn. 


We have then 


= , J. _ . 

3 16 3 ' 


1 

16 


I • |t= -f- 






AVa -4X6 

4 - . 0866 


V3 = + 


V8 

SO 
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-% 

ITiub if thi© angle between the normal through G and Um 
axis of the parabola is 6, tan 9 =. 0^66 

or 9 = 5° approx. 

Thus if the ship be rolled through 5° on either side of ih# 
position in which 0 G is vertical, the oblique positions will I* 
positions cf equilibrium. Since the intermediate position is d 
onstable ©qnilibritim (G being above the metaeentre‘ these poa. 
tions will be stable as positions of stable ami unstable equililadiai 
occur alternately. 

Kx. 6. A beam of length I and density a has a squitfe 
S'. ction ABCD of side a and tloats in a liquid of density Pi >(7 
with the side I horizontal and A B above the surface of tl» 
liquid. 

Prove that a beam of the same dimensions hut of deusitr 
P — a will float in the inverted position with the same plun- 
siction in the free surface. 

If — p) shew that the only position of equilibrium 

is horizontal and that it is stable for small displacements about 
tlwi length /. 

( 1 . 0 . 8 . 1934 ) 

Ex. 7. A uniform solid cone of semi vertical angle iO’ and 
specific gravity J floats with vertex downwards in water wifli 
the axis vertical The vertex is loaded with a particle whoes 
mass is n times the mass of the cone. Show that the equilibriraa 
is neutral if 



(I. 0. a \m) 

.'Hint : Here CG=CM.) 

Ki. 8. Prove that an :^oeoeleB trkmgular prism or we^ 
floating with its ^lee ika imineOsed an4 its . edges hi^zontal ks 
Cluree or only one poeitkms of equilibnam. t 
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In tha former case the position with 
base horzontal is unstable, while in the latter 
ease it is stable. 

Let the wedge float with its edges 
boriaontal and let 6 rf be any plane of flotation. 

Taking oblique axes AB and AD as axes of X 
and Y we fiind that the coordinates of the 

X Y 

centre of gravity of the triangle A b d are (— 5 ’ “) where 

o ^ 

A i=X, Afi?=Y, 

Since the weight ot the wedge ABD is equal to the weight 
of the volume of fluid displaced by it, we have 



^(AB) (AD) Sin 2a. Sin 2a.gPl 

I being the length of the horizontal edge. 

.•.XY= , where AB=AD =p. 


i he locus of the centre of gravity C of the triangle Abd i» 
therefore the hyperbola 


XY = 


p^sf 


(l^ 


Clearly AB, AD are the asymptotes of this hyperbola. Th* 
•urface of buoyancy is therefore a hyperbolic cylinder whos* 
asymptotic planes are the sides of the wedge. 

The positions of equilibrium are given by drawing normal# 
firom Gt to this surface. Since G is on AE, the bisector of th#- 
angle BAG, G is a pjint on the major axis of the hyperbola. 

I 

Mew it is easily proved that frMa a point G on the axis o£| 
8 hyperbola, either three nornoaks be (Jrawn or mily pni 
ftcoording as .. . 

A a 5 *** ~ „ «, b being the majmr and Hdnor 


mm 
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Also if 2a be the angle between the asjmptotee of tli® 
kjperbols, we haye 

tan a = ^ ; 
a 

j a*4-S’ p*o . , 

and — - — , since the equation of the hyper- 

'feola with asymptotes as axes is XY jjy , 

4" i^P 


Urns there are three positions of equilibrium or only one 
aeeeording as A G ^|p<5os a ^a(l ^tan*a) p a seria, 

or according as, 

ltem’a>^, there is only one poei'lion of eqnilihriTiiB 
wliich is the position with its base horizontal. 

Onetrfthe principal Bections of the surface of buoyancy 
is the section by the vertical plans perpendicular to the edges of 
the wedge, the 2nd being normal to this. If K be the vertex of 
l^e hyperbola, K M, the height d the minor meta-centre, 

= (radius of curvature of the hyperbola ai its vertex K) 

= h*/as=a ta«*a» | ^\lp ^ 

Henoe A M*A K+K M = -yj? cos a {l-^tan*a) 

_ 2 la 

- gp 


necessary and eufficient condition of stability, as we have 
seen, is that 0 he below M so tiiat 

A G < AM 
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Or, cos*a ^\Jp ' is also the condition that there is 

only one |X)sition of eqailibrinm. 

Thus if there is only one i)osition of equilibrium the position is 

also stable. On the other hand if cos^a > 4 , there are three 

positions of equilibrium, but the intermediate one viz. horizontal 
position, is unstable. The other two must therefore be stable in 
aa-ordance with the well-known principle that positions of stable 
and unstable equilibrium occur alternately. 

Ex. 9. hind a solid of revolution such that when a seg- 
ment. of it is immersed in a liquid, the distance between the 
centre of buoyancy and the metacentre may be constant, whatever 
be the height of the segment immersed. 


(Tripos part. I 1919) 

lake the origin, 0 of the coordinates at its lowest point, the 
axis of X being vertically upwards and that of y horizontal. Then 
if are the coordinates which determine the surface of flota- 
tion in the uxicilly vertical position and those belonging 

to another parallel plane, we have at once 


CM=I/V= 



it CM is constant and equal to m, whatever x may be, 
TTO have 

1 4 X ^ 

~ V * k f yf dod . 
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DiWiatingi'’ 

y'=^2m X. 

The generating' curve is, therefore, a parabola, and the solid 
of revolution is the paraboloid generated h v the revolution of the 
parabola about 0 x. 

Ei. 10. Find the solid of revolution such that when a 
aegnmt of it is imniOTsed in a liquid, the height of meta-centre 
adboTO its lowest point is independent of the segment immersed 

(Ana Anchor-ring, formed by the revolution of a circle about 
a tangent). 

Ei.ll If the height in the above example were a function 
(ae, g't x,y being the coordinates characterising the plane of 

tlotatiou, show that the differential equation of the generating 
cttfve is 

ji [ ^ ^ t ^ , 

1 uf _j_ d»/ ^ 

I dx dx dy J 

Ex. 12. The croe® ^tion of a cylinderical ship is two equal 
arts of equal parabolas d latus rectum Z, which touch at the keel, 
ths common vertex of the two parabolas so that the sides of the 
ship are concave to the water. The ship is floating upright with 
its keel at a depth h. Rove that the height of the metaceutre 
above the keel is 

t ( 3 ! 

* ( 4 + y. > 

Ex. IS. A Bcdid of uniform denaty a floats partly im- 
menad in a homqgsoeow liquid of denrity P. Show that a solid 
of the siune size aad diape and of uniform density (P — 
can float inverted wWi dm aame plane of flotatbn in tte saiM 
liqin^ and dial if dm eqoSiteHaa ibrtltblai& one case it is also 
stable k die case is- d^ilmssEieata 
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■4. 11. Eqiiilibriiim of a vessel containing a liquid: - 


Suppose a vessel containing a given volume of 
liquid of density P floats in a liquid of density P'. 

If the vessel receives a small angular displacement 
there will be a force of buoyancy due to the exter- 
nal fluid acting upwards through its metacentre M; 
the line of action of the contained liquid acts along 
the vertical through its new centre of gravity and it 
intersects the line G M in M„ the meta-centre of the contained 
liquid. This force acts downwards. (It is assumed that the body is 
symmetrical about the plane of displacement through its centre 
of mass and that the centres of mass of the body and of the liqtiid 
are in the same vertical line). Taking moments about G, the 
resultant fluid pressures will tend to restore equilibrium or reverse 
it according as 



W. G M - G ail 


or, 


W > GMj 

W' < GM 


> 
< . 


Ex. 1. Consider a cylinder containing water floHring in a 
liquid of specific gravity w with its axis vertical. 

Let k — height of the cylinder, 

//, the height of the contained water. 

Let ti be the depth of the cylinder in the given liquid, and 
a be the radius of the cylinder. 

Than yN'=^a*gh! P 

W = P«? 

Again GM=OM-OG=OG + CM-OG 
_ d t aV4 ^ 

.2 . 'dy - U 
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V , a*/4 _ h 

2 A' 2’ 


: • For stable equilibrium 

GM, _ 2A'* + a»-2AA' ■! 

GM -Id'+a^-^dh 


or, 


2A'" + a^- -2hh' 
2 ‘i'^ -j- a* — 2 


rhr 

// 


Ex. ± Efitablieh a similar relation lor a right circular c-ouh 
floating with its ait is Tertical and containing some ]i»]ui<i 


Ana (|.)*> 


<) h' fec^a-87i 
9 5 secret - >^/i 


t 


where /i-=the length of the axis of the (•one. 

A' = „ in the coulained liquid, 

i = th. length beneath the surface of the externa, 
linid, 

and a — the semi vertical attgle. 

Ex. 3. A |>araloloidal cup, the weight of which is <r, siandiuc 
on a horizontal table, contains a quantity of water, whose weight 
is n i& If fi Ije the height of C. G. of the cup and the coutained 
wj.ter, die e(piiiibrium is stable if the latns rectum of the 
parabola is 

> 2 (n+1) L 

Ijet the eqaatkin of the parabola generating the paralxtloid 
be jf* *=4 a*, axis being 0 a;, and tangent at the vertex being y~ 
m. 

Let 2 be tiie height off the water in the cup, then O C, 0 being 
the GG. of comtui^ waia:, 

^ X das _ _ 
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Let ibe keight. of C.G. of the cup above 0 be 
- fetg ~1~ (1'^) _ i* + I n * 


then h 

w + nw 

Height of meia-ceatre alx>v6 C. 


n “f" 1 


M 


ij_) - *> 


^J'o^y^d^ 




a. 


Ihus ill the subsequent displacement, the weight of the con- 
luined water must be imagined to act at M i.e. at height I? x + 2a. 

M the metacentre of the system is given by 

0 M = <c« + nic ( g s -j- 2a ) _ , 2an 

ic t ?i -{■ 1} n+l 

Also the radius of curvature R, of the paraboloid at the 
vertex = 2a. 

Hence from a well knotyn result in vStaties we have for stable 
tquilibrmm 

-L_ 

OM £ 2a 


b; — ^ 7 which leads to 

h -t- '2an 2a 

n-hl 

4 a > 2 (w + 1) A. 


&. 4. A cylinderieal vessel, the weight of which may be 
neglected, contains water, and the v^isel is placed on the vertex 
a fixed rough sphere with the centre of its base in contact 
with the sphere. Find the condition of stability for infinitesimal 
<^plaoement8. Prove also that if the equilibrium be neutral for 
«adi displacements, it is really unstable. 

Sz. 6. A heixospheiical shell, contaming liquid is placed cm 
tiai wjrtex of a fixed rb^^^phere twice itsdiamet^psrre&at 
die eqtdldxium will be s2& m unstdble fipGsdii^ as 6ie weight 
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of the shell is greater or leas than twica the weight of 
liqiriA 

Ex 6. A thin vessel in the form of a surface of revoliitiuu 
«mtain8 a given fiuawity (volume V) of liomogeneoiis liqmM of 
specific Weight tc. It rests with its vertex at the highest point 
of a rough curved surface, prove that the equilibrium is stab!** 
or uturtable for lateral displacements according as 

(Y«!+W)K > or <( )i\'>ck + I'c + W/^) . 

where W is the weight of the vessel without the liquid, I tb- 
nMjment of inertia of the free surface of the liquid and /,• th.- 
heights of the centres of gravity al)Ove the vertex of the veest^i 
and the liquid respectively, E.R' beiug the radii of curvature of tb. 
ve^l and the fixed surface iu tfie plane cf the displaf-emenr. 

4. 12. Stability of a body floating iu two liquida 

Let a solid float in two liquids of detisities P and P + P , 
the former being above the latter. Let. \ l>e the volume of tb*' 
solid immersed and V' only that part of the volume which is 
immersed in the second liquid only. Let A, A' be the areas of 
flotation of the two liquids. 

We may evidently suppose the volume V to be immersed 
in a liquid of density P and V' to Ite immersed in a liquid of 
density The forces wliich support the weight of tlie body arc 
^ Y and (^P'V') acting upwards at H and the centres of 
gravity of ttw volumes V and Y' supposed to be homogeneously 
fiUedl Let G be the O.G. of the body. We shall consider only 
the implc owe in which the body is symmetrical with respect 
to a varlicai plane perpendicular to the plane of displaoenv nt so 
that are in the sarae v^cal line. 

Let the body be dii^laml through # about any horizontal 
axk in the plane cf ^nometry, the monuent oi tire rai^aflve 
OGNB]^ will be ^ - 
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gP (I^ _ Y. hG) fl + gP' (la — V'. H'G) 

! L being the moments of inertia of the areas of flotation alwiit 
jiis tljrough the centres of gra'’iiy of these areas. 

For srability of equilibrium 

p (I^ _ V. HG) > P' (V' H'G — ) . 

Kx. 1. A uniform liquid of density c„ overlies another of 
i^-eaier density Ci and a body with a plane of symmetry floats 
with its plane vertk-al so as to be in contact with both liquids. 
Prove that the meta- centric height from the bottom of the Ixxly i.s 

(s, \ T ~4~ I ) ((T-^ — gg) -j- Vg -f- K ._, ~Ag) a 3 

V 1 (ffj — Cr,) + V 2 (72 

where \\ is the vclume submerged in the lower liquid, Z i the 
iieight of tiie centre of buoyancy cf this volume above 
the lowest point of the body, A^, K, the area and radius 
cH gyration of the lower “water line”; and V3 is the wholevohmie 
below the upper “water line’ , z, is the height of the centre cf 
tiooyancy which this volume would have if it were submerge*.! in 
a single liquid, and Ag, K2 refer to upper water Hue. 

(Tripos Ft. II, iy2l) 

4. 13. Stability of a body floating in a heterogeneous liquid. 

It should be noted that' when a body floats in a heterognee- 
oas liquid, which is sitbject to the action of gravity, horizontal 
plauw are surfaces of equal density. 

Consider now a heterogeneous liquid arranged in horizontal 
Uy^ of equal density viz. the topmost layer of density P^, next of 
Pj-fP,, next of Pi-j-P^+Pa, etc. Let the volume of the soHd 
®i<^by these layers be v^, Vg .. etc. and let Hj, Hj... 
b the centres of gravi ty of these volumes when homo^neousiy 
ffly. Ld; A Aa, A3 ... and ^i, ^2, be the areas and radS 

flCgytaHcm of the sectk»ns^flie body by the layers cf equal 
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Tlie force# called into play by the immersion of the 
iu such a system ar# the same if the volume i\ of the body were 
immerseil in a liomogeiieons liquid or tleiisuy , r , lu that uf 

density P^, r, iu that of density P, etc. 

Xow if the lody Ijo displaced through a small angle 6 aWis; 
any horiatntal axis in the plane of symmetry (assumiug that h 

htid one), the moment about G, the <■'. O. of the Ixtdy, of forfe, 
lending to restore i qiiilibrium are 

^Pj (^A /f 1 * . H iG )9, ijP ^ (a 2 ^^2 * t:2 6,... 

Total moment 

•= y I ^ P,„ (Pi fi-Hii.r i-p2i'2 H 2 G + ..,) ^ 

Xow if masse* Pi P^* ... act at Hi, 

n 

then (P. '"j+Pj f.j -f" ^ Pm t'm H» G, 

1 

where 11 is the centroid of the liqttids displaced ty the body. 

2P. r. H. G = (IlG) il,. o' 

1 

JIo Iteing the mass of the liquids displaced by the bdv, 

Hence the total moment of the couple is 

( n I 

y||P-A,/.-.* -M, (nG)|«. 

TUa case of a heterogeneous liquid whose density varh* 
coaiinnoarfy is iiMaedia^iy deduced from this by dividing the 
liquid into an infinite membw of infinitely thin layers. 

Let the fuucuonal relation between P at any point and ih 
depth J bel yw the horiaonial sarfa<^ of flotation be givai If 
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Cousidering two conseeufive lajers of dmsity Pj -f" Pa+— 
p.,,and Pi ■ 4 " ^2 -j-...Pr at depths * and z and z^dzyre see 
tliut Pr, tliedifference between their densities, 


=/(» + dz)-/ (2) 
_ df 


dz 


dx 


Hence in the limit the expression 


« m 

= Pi A , I'l “) -J^dz, 


-where h is the depth of the lower most layer. 
Moment of the restoring couple is 

For stability of equilibrium, we must have 


P j A 1 1 * 


m, HG < 


-f pAe ^-fdz> MoHG 

J o dz 

P , A , & 1 dz 


M 


O 


M ehicantric height 


HM= { P,A,i, J ^ 


Brauark : PjAifci' + 

o iiZ 

=P,A.A,»+[iy.->^*-J*^(AiU 2 
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Pprf(An 

= - Prf (AP>= (Ai;*), 

if the solid do«i not have a flat bottom. 

Hence for solids without a flat bottom, metacentric height 
“ “= the limits o and h refer to the top and 

and bottom sectioas. 

Ex. 1. Show that in order that the equilibrium of a right 
cfTColar cone of semi vertical angle a floating in a liquid wIk®? 
denmtj is diret^ly proportional to the depth, be stable coe ^ a 

< where ¥ is the length of the axis immersed and h is the 
Sh 

height of the cone. 

llwre sections by horizontal planes are circles. Consider a 
seccioa by a plane distant z from the vertex. Then. 

~2*tan *CL 


The required condition of stable equilibrium is 


HG < 


j 9d (-^ 2 * fan *a) 
P (»3= tan*a/ dz 


tan- a 




Ps*<f» 


/r 
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Also H G=§ h- 


r^‘ z tan ^a) dz 

. f e 

■»■ z» tan Sq, 


4 



Hence the required condition is 

j ;.<-|-(H-Jun"aU' = | h‘ See - a 

or, c-oa ~a < -- — - ’ 

0 ii 

Ex. 2. Determine the condition of stability of a solid 
homogeneous cylinder of radius a und-rr the same circumstances. 

[A ns. a ® I 

Ex. 3. A heavy homogeneous citbe is completely inimer.setl 
with two fac!es horizontal in a fluid whose den8ity=/.' times the 

qT 

cube of the depth. Prove that the meta-centric height is y^oAI 
^ where M is the mass and a the length of an edge of the cuU\ 

Ex. 4. Find the metacentiic height in the case of a solid of 
/» revolution formed by the revolution of a curve ?/ =/ («) ahjut 
X — axis, floating with vertex downwards in a liquid wlic*8e 
density at depth z is <f> ( z ). The length of the axis immert<Bl 

f ^{’—x )f^f dx 

A ns ^ 

f {k'-x ) f ^ dx 

J o 

Blx. 6. If the nieta-ceritric height in the aljove example 
» owDBtant whatever be the law of density of the liquid sliow 

the solid is a paraboloid of revolution. 

Ex. 6. A paraboloid of revolntfon IMafo with its axis 
ftK&jal and vertex dewEvvards ia a Hqtiid ylwae v^es 
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as the ilepih; the ©quilibri'uii will be stable or unstable aceordmg 
as 4 A < or > 8 (4 tt -{- h% where h is the length of the axa, 
4 n tin; latns rectum of the generating paral ok, ami //'the length 
of the axis iiumersetl. 


Kx. 7. An oblate spheroid floats half iuimersed with its axis 
▼erlical, in u li'iuid hose density varies as the stptare of the 
depth. Piitvo that rlio indghr of the meta-eenire akive the 

IS — . — . 


1/ fi h . in pies. 


(Apply Ex. 4.) 


El. 1. A imiform right eiretilur tone of weight W iiuat* 
with its axis vt-r ieal and verte.x downwards in a hoinogeneom 
litjuid wlihdi is /tonTaint d in a (‘irctilur cylinder of radius r with 
vertii-.d axis: the eon- in eq«ilil>rium displaces a volttnie h' 
of the liquid and its vertex is at ;i depth // below the surface. 
The (oue is slowij lifted Just c-lear of the liquid, its axis kiutr 
kept vertical; pKwe th it work done is 

i W (ii // — li li). 


(.M. A. Fuujah Univ. Iit3i) 


Ex. '2. It V\ be the weight oi a body and V the volume of 
the |»art iiiunersfd in a liquid eontainedin afixedvase. Provethai 
it the floating body k- lowered vertically a smad distance 5 S,4e 
centre of gravity ot the liquid contained in die vase rises the 


jniutity 


g9 

VV' “ 


being the weight ot the contained liquid and P its 

dea.i»y. 

Ex. 3.. Deduce by means of the above r^ult the prind|J* 
of Archimedes fioxn the theorem that the height of the cmnsan 
t»aurit of gravity ojfttie stdid and liquid be a maxiiaam or 
ini&tiauui. , ■ . 



Ex. ^ life beh iu the form of an Huehor-ring generated 
Ij a I’ircle of radius a floats in water with its equatorial plane 
tjijnxontal; shew that, z the depth immersed, is giren by 

z = a (l —cns a) 

2 ^ (2 a— sin 2 a), 

« being the specific gravity oi the material of the belt. 

Ex 5, An isosceles triangular lamina ABC right angled at 
C floats with its plane vertical and the angle C immersed in a 
liquid’ ol which the density veries as depth. Prove that if 

9 be the angle which AB makes ’with the vertical in either 
4 

d the positions in which AB is not horizontal, the value of 9 is 
^ven by 

fit sin'6iu)s^$ = vsfn ®i"Cos9)®. 

(L C. 8. Higher Mathematics 1933) 

Ex. 6. A homogeneous solid body consisting of a hemi- 
fiphereof radius a with its plane face attached to one end of a 
circular cjiinder of radius a and length a iioais in equilibrium in 
a homogeneous liquid. The axis of symmetry of the body is 
vertical aud the cylmderical pordou is uppermost. The length 
(rf the cylinderical portion immersed is I a. Find the position 
the metaceutre and determine whether the equilibrium is 
^!e or unstable 

(Tripos Part 1 1938) 

(A ns. iFe centre of the hemisphere.) 

Ex. 7, Prove that if the equilibrium of a solid cone floating 
wiih its vertex downwards and axis vertical is neutral for an 
»fiiiitaamal displacement, it is really stable for any finite displa- 
eesMut. 



CHAPTER V. 
Gases. 


5. I. We have pppii that wh:ir distiiiiriiKshe, .1 liquid from 
a >(a8 is its cx>inpre6sil.iliiy. A perfwr Huid whidi is absolutely 
ill practice nearly) iiK-oiiipreRsible is call- d a liquid. A ficrtai 
fluid which is coniprt-ssible is called a We shall uow 

describe some of the more iniporiant prcqicrtii !- of (HMuprefesible 

fluids or gases. 

5 2. T-.-rricelli’s Experiment. Take a glass tube alxiut ;> 
ft. loug open at one end and closed at the other. Fill it with 
mercury and invert it in ti vessel of merctiry so as to immerse its 
open end. It will be noticed that mercury in tiie tube will fai; 
until the height of the column is about 30 inches. If A he auv 
point on the level surface of the mercury in the vessel and t) le 
a point in the sam- level inside the 
tube, we know that pressures at A and 
Q must be equal. Now pressure ;tt A 
is the pressure of atmosphere TT and 
the pressure at Q is that of a column of 
mercury of height I‘Q, i. e. >i<x pQ,cr 
b itig the density of irs reiiry. since the 
pressure at P is zero. 

Hence TT (I'Q . 

This simple apparatus was tirst devised hy 1 orricelli and is 
known as barometer. Clearly we may take the height I'Q of tL-^ 
coluHan trf^mercary as a measure of atmospheric pressure. We 
may also tueanj other liquki such as water. Since the denatr 
of mercury is ^nt 13. 5 times that of water, the height of a 
water barometer wi« bo about 134 X 30 inches, or 33| ft. 

Ex.^ Ptove that the huooEketeric heights to which iiqukii 
rm are iaToraelj proportitmai to their doositie®. 
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fi.3 Laws of Boyle and Dalton 

Consider a given mass of gas enclosed in a volume. If we 
upglect the weight of the gas its pressure at any point of tlie 
jiicloeuie is given by Jp = o. 

It is, therefore, the same at all points aiid is equal to what- 
t^ver value it has at the surface. Whenever a given mass of 
gat. m an enclosure is said to be at pressure j;;, it is this constant 
! that is referred to. 

ilow the volume of the gas may be altered by compression 
or liilation i. e. change id pr* ssure, keeping temperature constant, 
or by a change of temperature keeping pressure constant, or by 
a change of piessure and temperature simultauei usly. The law 
governing the change of volume and pressure when temperature 
runaiuH constant was first disc-overd by Robert Boyle, He 
showed that the pressure of the gas varies inversely as the 
volume of the enclosure provided the temperature remains 
couetant. 

Tims yji! — const. 

Since density P ol of the gas varies inversely as the vu;iime, 
it follows that pressure varies directly as the density so that 

const. 

Tile law relating to the change of volume consequent upon 
a change of temparature, .pressure remaining constant , was 
discovered independently by Charles, Da'ton and Gay Lussae: 
They found that: — 

“ If pressure remain constant, an increase of temperature of 
1*C produce in a mass of gas an expansion of its volume 

to.” 

Thus 1^ be the volume of the gas at o*C and let Utbe its 
fslwae at f'C, then 
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/ 


■}“ 


27S 


)--=»o 


^7S4 iy_ 

h7S 


presisnre reniainiug constant 


Similarly, r,' =j; (_rI±Lt/_ i 

.V 273 


so that =— , ' 

2734 1 2734 /' 

If wc (ieiirie ‘absolute teraperatrire' of the gas by the relatir,a 

T=2734t, ... ... / /j 

it follows that it pressure remain constant, the %’olunie of 
the iz:jis varies directly as its absolute temperature, 
r 

1- 0 . — const. 


We shall now deduce the law of change of volume, wh(-s 
huh tempratnre and pressure vary. Let (p, v, J', 1« tk- 
pressure, volume, and ‘akohite temperature’ of the gas. I^et hr 
keep T ••onstant and (‘hange pressure to j,\ so that by BoyleV 

law, the volume changes to 

P' 

If we now alter the temperature T to T' we have by 
Itaitou’s law 


T’ /t 

where is the new volume. 


T T' 


The eqiaatiora 

m 

^ — COBSk 


XtllsS. 
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satiafied by the pressure, temperature, and volume of the 
ggj, ig known as its equai ion of state. 

Experiment, however, shows that not all gases obey this 
«jaauon accurately and even those which do, do so only appro- 
ximately lor certain ranges of temperature and pressure, beyond 
which the relation is no longer satisfied. A gas which obeys 
the equation of state 

=r c.nist. 

T 

is known as au’ideal’ or ‘perfect’ gaa Various equations of 
Hate for imperfect gases have been formulated but the best 
known is that given by Van der Waal 

~ {p-f- \ ) {(■■— i))= const, 

1 

where a, l> are constants for the same mass of gas, but depend 
on the amount of gas as well as on its nature. 

5 4. Nature ot Gas Pressure. 

The nature of ibis pressure is best understood on the basis 
Kinetic I'heory of Gases. According to this theory the mole- 
eales of a gas are iu a state of incessant motion describing 
rectiliuear paths with uniform velocity except when they encoun- 
ter other molecules or the walls of the e.jclosure* 
Ihe pressure of the gas on a email element of a wall of the 
eodoeure is due to the continual impacts of the molecules on it 
So also the pressure at any other point of the volume is the result 
of molfKJular impacts on a small area imagined to be placed at 
die point With the help of certain appropriate assumptions it 
cam be shown that when the gas is in a steady state, the premsmre 
due to molecular impacts on any element of the wail of the 
encioffiire or on any plane element imagined elsewhere is the same, 
equal to 

1 Nm 

. ■ :3 — 



( 144 ; 


where N is tiie number of molecules of the gas in the enclowrf 
m the mass of a molecule, ~c* the mean square velocity ie tfe,' 
mean value of c", where c is the velocity of a molecule, and 
V is the volume of the enclosure. Now according to the fuada. 
mental hypothesis of Kinetic Theory, the temperature of the gu 
depends only on its mean square velocity, so that if temperatai^ 
remains constant, so would c®- Hence if temperature of the gm 
remains constant, its pret-sure varies inversely as the volume. 
Thus Kinetic 'I heory gives a simple explanation of Boyle’s Uw. 
Indeed Kinetic Theory postulates the relation 

m c* — KT, ... ... (l) 

where R is a universal gas constant, the same for all gases, and 
T is its alwlute temperature. 

We have therefore, 


P = 


NRT 

r 


or, = nr =" eonnf 


( 2 ) 


It will be seen that we have tacitly assumed the identity (f 
‘absolute temperature’ as defined hy equation (l) of § 5.3, witfi 
the ‘absjlute temperature' of the Kinetic Theory as defined by 
relation (1) of this article. This identification is justifi d in wcai* 
on Kinetic Theory of Gases. 

In establishing the formula quoted above for the pressure 
exerted on the wails of an encl<»ure Kinetic Theory assumes the 
fiot^eciiles to be qdterical pc^ts devoid of size and shape. 
It fyaihet amwmm the forces of cohesion between the 
aaoleeadee as 0 ac^t-^uaieau In any real gas, however, the 
mvBk liave aze and shape. Nor will the foroesci 
«0|iiepiiWk he ^^wdly ne^%iblie. Hence it comes about that tbi 
eqnatke of iriate (2) whidh iaacenrately satisfied in the caserf 
ideal gas wiU cmlj he af^soximatdly satMed whai' ajf&d 
tai a real gas. It can he dnmn &at tiie eqnatkm o{ aWi 
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jjjces into account the si*e of the molecules and the coh^ve 
6«t!6e between them is Van der Waal’s Elquaiion 

( -RNT, 

where ei,lj are constants for the same mass of gas, bat depend on 
il8 nature and amount, R is a universal gas constant, and N is 
the number of molecules of the gas in the enelcsure. 

5. 5. aiixture of Idt al Gases. 

If two enclosures containing two gases at the same pre^ure 
and temperature art cox= netted together, the molecnies of one 
gas diffuse into those of the other until they are coirpletely mixed 
provided there is no chemical action between the gasea 
The volume of (he mixture is ifae sum of the volumes of the 
enclosures, its pressure and temperature bftinjrthe same asthoseof 
the corstiruent gases It is easy to deduce from this experimental 
fact that 

“If two volumes Vi, V^ of different ideal gases at pressures 
pi-p-^and absolute temperatures Ti, T -. are mixed together, the 
volume V, the pressure p, and absoluce temperature T, of the 
tnix(ure are connected by the relation. 

=£1X1.4- 
T T. ^ T... 

If the temeprature Ti and pressure p, of the first gas be 
changed to T and p respectively, its volume will become 

£ili XL.; 

T 1 P 

similarly the volume of the second gas at temperature T 
and pressure p will be 

PaV. T . 

. p 

I Row if two gasee of valtaaes ■£^i -.. X mad 
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r^pectively at the same temperature and preBsurw be mixed, lb 
Tolume V of the mixture at the temperature T and pr^enre p 
will he 


( PgV. 
^ T. 

Hence = 


+ 


vT 

Tg V 




T, T 


The result can obviously be extended to a mixture of any 
number of gasea 


5. 6. Isothermala 


For an ideal gas the relation between pres-ure, volume and 
temperature is expressed by the equation 

pt; = RNT ... (1) 

If we take p, v as rect'.ngular axes and draw tlie varioiw 
curves by giving to T different constam. values in the above 
equation, these curves are known as the isothermals ol an ideal 
gaa The isothermals of an ideal gas are plainly rectangular 
bypcfbelaa 



For a read gai, Urn mothermals are the system of eur 
dbtdmed by aHigsi^ eonata&t valas to T in Van der Waflf 




UprlM 
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Thfse isothermals have been traced in the fignre below. 



i) fferentiating ■ 2} with respect to r, we have 


Hence the locus of .the points of the isothermals at which 

e. the points of the isothermals where the 
dv 

tan^ntsare parallel to w- axis,— is a curve 




a( >-—2h) 


( 8 ) 


This curve MPN is traced in the figure. It is easy to see 
that the eiuve MPN has the maximum ordinate at the point 




F whose coorditiates are (3ii, ) The isothermal through P 

dearly corresponds to a value of T which is given by 


r? 


8 a 
2f""b 


( 4 ) 


This isothermal is rep^iented by PiPPj in the figure. Tlw 
a#fe MPN intersects an widiennal cOTre^KmdiBg to a mlae 
•I T which is 1 ms than that%iwen equation (4) i» tww 
M, li. Thus there are two po^ts of die Motikw»al #t ifWefe 
iii^MPN cuts it As we nmre dos^ isotlifirml 
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P,PPj the two poiate M and N come closer and closer till 
coincide with the point P. The curve MPN, therefore, meet* 
the isothermal PiPPj in two coincident points. Since at erm 
common point of this isothermal and the curve M P h 

AP- -AP- =0 at P for the isothermal 

dv dip 

The isothermal therefore has a point of inflexion at P, thr 
tangent at which is horizontal. 

The curve MPN, however, does not intersect any isothernaj 
which correesponds to a value of T exceeding that given bj 
equation (4). All such isothermals are therefore everywhere 
oonyei to the axis of v. Consider now again an isothermal 
lying below PiPPj such as L MNB. The curve MPN interesecta 

it in tw 3 points M and N, at which therefore =a 

Take any point V on the isothermal lying between M ami N. 
Draw through it a line parallel to o'axis. It meets the isother- 
mal in two other points U and W. It is then clear ihutii.r 
points U, V, W represent the states of the substance having the 
same pr^sure and temperature. We shall now show that the 
represented by the point \ is unstable, and therefor" 

incapable of actual realization- -At the point positive, 

it accordingly reprints a state such that a decrease in 

volume, keeping temperature constant, is accompanied by a decrease 

in prepare. When therefore a slight increase in external pressure 
decreases the volume of tiie gas in the state represented by \ flie 
pressure dt the gas also decreases. There is therefore an 
imbalanoed external pressure which tends to decrease the vdlnnie 
furthar. I^e state represented hy V is, therefore, unstable 
^noe V was arhitrarily anywhere between points M and 

N dt tlte w pn&tw mal UfNB, 6 very .point of the isothermal 
bdtweea M and H r^reseats ahi unstable state. At posd* 

D and W, negatiTO, so ftat tte states reptesented by ihm 
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are sSable. The point W obviously represents the gaseous state 
and the point U corresponding to lesser volume is believed to 
represent the liquid state. With this interpretation it follows 
immediately that a gas, whose temperature is kept above that 
of the isothermal P.PPj cannot be liquefied by any amount of 
oompressiou. The temperature of the isothermal Pi P P 2 is 
known as the critical temperature of the subssance 

“So long as the temperature is above the critical tempera- 
ture, no pressure, however great, can liquefy the gas.” 

A substance in the gaseous state whose temperature exceeds 
its ‘critical temperature’ is a ‘gas’, whereas if it is below its 
critical temperature it is called a vapour. 


The laws enunciated in the preceding articles are equally 
true of vapours. 


Point P of the isothermal Pi P P 2 is known as the critical 
point of the gas. The values v^, p„ and Tc corresponding to this 
point are known as critical volume, critical pressure and critical 
temperature. We have already seen that 


Wc= 36,^0 = 


a 

27b'^ 


’ R N T.= 


8a . 

21b 


If we adopt critical volume, critical pressure and critical. 

temprature as the units of volume, pressure, and temperature the 
equation of state assumes a simple form, which is known as the 

“reduced equatiou of state”. Denoting volume, pressure, and 
temperature by v, ^ T respectively we have 


80 that V— Zb V, p 


V p 

— 




T 


R N T= 


27^2 p , * 20 ,- 

Substituting these values iu (2) the equation of state 
redact to 


(F+^y (--i)“|-T 
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This equation is the same for all gases, for tie quantitieii 
a and b which vary from one gas to another, have entitely 
disappeared. It is known as the reduced equation of State ^ 
Van der Waal. ■ ' 


Ex 1. The tube of a barometer rises to ST' aboye ibti 
mercury in the trough, and the mercury column is 30'' high. 
Find what changes are produced in the height of the colmnn 
by the following operations successively perfornaed: — 


(i As much air is allowed to rise through the mercurv as 
would at atmospheric pressure occupy 2'’ of the tube. 

(ii) A rod of iron whose volume equals 5"" of the tube is 
allowed to float at the top of the mercury column. 


^Take the specific gravities of mercury aud iron as 13.5 and 
7.5 respectively. 


Let the height of the mercury column be a" after the 
operation (i). The volume of air enclosed in the tul>e above the 
mercury column is therefore .A (34 — «)", A being the cross 
section of the tube. If the pressure of the the air is p, we have 
by Boyle’s law, since its volume at atmospheric pressure TT 
is 2 A, A(34- a:)y?=2 A TT 


or,p = 


_2TT 
34 ~ a; 


( 1 ; 


But the pressure p and the pressure of the column a: of 
tnercury must l>e equal to the atmospheric pressure. 
p+^rPa!=TT, 

where P is the deniaty of mercury^ 

Now Tl—^ (30), since the length of (he column under 
*tiii«.pheri«: pr«si®«re is 3^, whe have from (1) 
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Hence a =24", 40"/. 

Clearly the second solution 40" is inadmissible. 

Hence the mercury column will fall by 6". 

Let the length of the column after the operation (ii) as 
irdi be Xi . 

Let a ba the coss section of the iron rod and Z its total 
teagth. Then 

Za=5A ... ... _ (21 

The volume of iron immersed in mercury 
7 5 


13.5 


la- 




Volume of iron iinimmersed = — Za 

9 

Now if the height of the mercury column be x-i 
inches, the volume occupied by air 

4 


=(34— Xi) A —la 

U 

= (34— A— 

y 

The pressure of the air is by Boyle’s law 


20 


...by(2) 


TT2A 


2n 


(34— JCi) A— 20 . "34— 
“9 ^ 


-20 

9 


Now the pressure at the top of the trough is 
D . 2n 


34— aJi- ^ 
9 


=TT 


(13.5) a;i+2 (30^) (13*5) 

34— a:,— ^ =30|if <13*15) 
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or, (9xi — 286) (30— a:i)+540— o 

.\Xi — 23 —inches appro a. 

9 

There is accordingly a further tall of approximaiely f 
in the mercury column. 

Ex. 2. A diving bell is suspended in water at a fixed 
depth below the upper surface of water. The area of tb 
surface of water within the bell is A. There is in the bell a 
volume pA. of air under a pressure h as measured on the water 
barometer scale. A small object of volume A a and of specifie 
gravity u falls from a shelf inside the bell and floats on the 
enclos^ water. Show that x the resulting rise in the level ot 
the enclosed water satisfies the equation 

X * — X (i-|-p+<?cr) ■i-haa=o. 

Will the bell contain lees or more water than before? 

(1.0. S. 19i7) 

Ex. 3. A canister of weight W without a lid, made of 
uniform thin material in the form of a right circular cylinder of 
radius a and height h is inverted and sunk in water, the whole 
of air ori^ally in it being imprisoned. Shew that when the 
owuErter is in equilibrium with its axis vertical, the height ol 
AH 

the air column is -rr r-’ and that the water level inside is 

H + (tA 

W 

at a depth ah below the level outside, where <t= — — ’ 

a^hw 

vs beiag the weight of unit volume of water and H, the height cf 
water barometer. 

Sliow the canister is stable in this position only if tb 
OMitre of gravity us betew the centre of gravity of the displaced 
water, tftal a, if 

_£_ ^ (l+g) — H (1— g) 

2i H (2-“<r) — c*h 

(Ttipoe, 1932). 
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Ex. 4. -A circular cone, hollow but of great weight is 
kurered into the sea by a rope attached to its vertex ; prove that 
the depth of the level of water inside the cone when the vertex 
ig at a given depth t below the surface is given by 
+ X* — k = 0 , 

where h is the height of the cone and k is t lae height ot 
water barometer. 

Ex. 5. A cylinderical diving bell sinks in water until a 
oartain portion V remains occupied by air and in this position 
a quantity of air, whose volume under atmospheric pressure was 
2 V is forced info it. Show how far the bell must sink in 
order that the air may occupy the same space as in the first 
petition. 

(L C. S. Lower 1932) 

(Ans. Twice the height of water Imrometer). 

Ex. 6. Two bulbs containing air are connected by a horiz- 
ontal glass tube of uniform bore, and a bubble of liquid in this 
tube separates the air into two equal quantities. The bubble 
is then displaced by heating the bulbs to absolute temperatures 
T and T'; prove jthat if the temperatm-e of each bulb be 
decreased t degrees the bubble will receive an additional 
displacement which bears to the original displacement the ratio 
of 

2 t: 

Let V be the volume of any 
one of the bulbs, and v the volume 
of the tube AO, when the bubble 
» at the middle point of the -tnbe 
» that air on both sides of 

is at the same pr^ure and 

voteme and consequently also at the sanxe tempeKatore {T)> 




( ) 


Let tlie bubble move from 0 to O', when the temporatTire of 
one of the bnlbs changed to T'. Let 00' = ar. Since the 
bubble is in equilibrinin the pressure p on the two sides must li© 
eqnal 

’fhe volume, pressure and absolute temperature of air to the 
left of the bubble are V+a (/+«), p,T, where a is the cross 
section of the tube. 

Corresponding quantities for air to the. right of the bubble 
are V — d 'l — x),p, T' 

Hen<» by Boyle’s ami Gay Ltissac’s Laws 

+a Y -\-a (j — x) 

P " P rpT 

or, V cr— 'r)+to (T-T') = aa; T+T') ... 

If the leraperatnre be now changed to T — f and T'— f. 
respectively, the displace inent 00" will be x' given bv 

V (T-T')4-?a (T-T')=aa:' .T+T'-2t) ' ... (2) 

Snbst rafting 2) from (l) 

2tx= (®'-.r)(T+T'— 2i} 

. X 2t 

•• a: 'i'+T'— 2t 

Ex. 7. A pressure guage consists of a U— tube of unitbnn 
bore containing mercuiy, one arm of tt:e tube being closed at the 
top and containing 15 c. e. of air at atmospheric pressure, and 
the other amt being c nnected to the receiver of a condenser 
I&itiallj the pressure of the receiver is atmospheric and by 
wrarkiug of the condenser, the volume of the air in the guage is 
redsH^ed to -i 6 c c. and the mercury is 16 cm. Find the pressure 
in the r^ieivar A^ome that the height ot a mercury baro- 
meter is I bO mm. and that the temperature in the guage ii 
uaaitei^d. 

(Amjw Approxinudelj 4§8 ^mo^lieKe) 
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Ex. 8- The lengths of the arms of a siphon measnred 
fgrtically are ^ ^ (h>k). The siphon is filled with liquid of 
ileoaity o' gi'eater than the density P of the liquid in the v-ssei 
Prove that the siphon will begin to work with the end of the 
jcHiger arm immersed in the liquid in the vessel provided the 
depth ol that end below the surfaee of the liquid in the ve®el 

exceeds {h—k) -g- 

Let A B 0 O' C be the siphon 
filled with a liquid of density a. 

Let the arm 0 B A=A; be immersed 
in the liquid of density P contained 
in a vessel. 


Pressure at A of the liquid in the vessel is 
^P d 4"TT, where (f=AB, and TT is atmospheric pressura 
Plainly pressure at A of the liquid in the siphon is gch 
.\Tl =^(<Th — Pd) ... ... (l) 

Pressure at C is gck. The siphon will work only if gtxh^Tl 
or gak >g i cr h — Pd) 

or, d >-^(h-k% 

* Ex. 9. The figure illustrates a siphon for drav?ing water 
fitrn a cask. Tim ^g^th^o^^ije,. DB, B A are 40 and 160 
twhee respectively.^ THe^ enoA k rafially dbsed smd ttio pipe 
%i|]| Ato C filled with water, the air enelos^ beingat atnaM^eric 
pra^ire. The, end A is then opened and as wat^ level in 0 A 
^bor^ises the level in D B iiBe& If a balax^ » obtained JoBi 
lefore die iva|<^ ris6» io By w&it of wieler will 

miipaxn tiaf/'.arna b'A? -■ 4 -- > ■ 
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Slww that the siphon cannot be started by the proc^ 
deacibed above if tlie initial length of water in the arm A C ig 
le^ than 120 inches. 



Let A C*y and let x l>e the length of water that runs ont 
ly the time water in D B ris«?s up to B when eqnilibinm is 
reached. 

,Ify> be the pressure of the air in tin* eqtnlibriuia ^wsitioti. 
prei^ure at A would be 

p+Sl^ (y— a:) cos 60*-=TI, 

fcf odierwise tite liqtod at A will not be in equilibrium. 

. Hare n is at mo i q^h atK! iweeeure. 

L&dwiaa proosorw at D will be (DB)=yj“l-yP 

=Tr. 

(i — *) «» (M) . 

• ar, jr— •a=7Sr. 
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Thus lengfcli of water that will remain in the arm is 72*. 

Also by Boyle’s Law 

p (160— ^+®)a=TT (160+40— v) <r, 
a being the cross section of the lube 
But p=TT — gP (BB) 

=gP (12) (33)-^P (36) 

=yP (12) (30). 

Sabstitating for p and y — x in the above 
yP (12) (30) (160— 72)=yP (12) (33; (200- 
or, y = 120". 

Ex. 10. One end of a siphon is immersed in a liquid whose 
density at any point is proportional to the nth power of the depth 
below the surface, the highest point of the siphon being at the 
level of the free surface of the liquid, and the siphcn is filled 
with homogeneous liquid whose density is equal to that at the 
immersed end. Prove that liquid will flow at the free end of 
the siphon even if it be above the level of the immersed end 
povided 

(i) that the vertical distance of the free end above the 

EBsmersed be less than — th of the vertical distance oi the former 

n 

below the surface of the liquid ; and 

(iijthat the atmospheric pressure exceeds ( — ^ ) of the 

«+l 

frasBare at the immersed end. 

5. 7. Work done by the pre^ure of a gas in expansion: 

Let us consider a gas enclosed 
» an expamable envelope. Its 
OBI each element, d 

is eont^ltmlly pudyng 
d S <mtwapds alomg 
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the normal to it Hence when the volume of the gas increases, a 
certain amount of work is done by the pressure on the variow 
clemerita Taking the element d B at P, the work done hr 
pr^ure p will be pdB. Sn, where Sn is the small lengilj 
PF taken along the normal at P. Hence the total work done 
in the small displace meat produced by the movement of even? 
small elem eut of the surface a distance Sn normally ontwards k 

Sinci.- the pressure p is the siime at every point of the 
snrfac-e of the enclosure, we have 

^pdB. Sn=p^dB(Jn) 

=ptlr, 

where dv h the total change in volume by the displace- 
ment Sn of every element of the envelope. 

Hence work dW done by the pressure of the gas in expand- 
ing from ABC to A B'O' is given by 

>i^ ~2^r. 

Total work done by the pressme of a gas on its envelope in 
expanding from an initial volume to v, is, therefore, given by 

fcj 

I p.h. 

J Po 

In the particular csise of iK>tbermal expansion of an idesJ 
gas we have 

pv=«s>nst. 

.■.w= j*-5rf,.=clog ^ =™ logSt 

b dm eCaa aot^ whare iha 1^ 

maaw^mniud axpauioci ' eiMao^el^^yil^ 

Waal*8 r^aiion 
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(p+ (t>— 5)=c, 

we have 

W= {[ 

J V — o t?"* 

= [ c log (»-5)+“] 

»o 


=c log 




L) 

»o 


Ex. 1. A piston of weight w rests in a vertical cylinder of 
transverse section k, being supported by a depth a of air. The 
rod receives a vertical blow p, which forces the piston down 
through a distance A; prove tha’ 

{a?+^^) log — — - }■ +f^ 

^ (I J 2£C 


If being atmospheric^ pressnra The temperature of air ia 
assumed to remain constant 


When a blow p is imparted to the piston, it stans moving 
lU once with a velocity u given by 



' 1 


. . Hence the Kinetic energy generated is \ 

* g » • 

♦ * 

FurtJier a force acts on the piston ^wnwazt^ aad 

moves a distance h b^ore optning to wo^ dome 1^ iltm 
is (nfe-t-w) 
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Hence the work done in compressing air in the cylindw 
«mi4 be equal to I 

to 


Now the initial volume of the air in the cylinder is 
final being k {a — A). Since the piston is ;:t rest originallj 
thrust of the atmospheric pressure on the piston and the weight 
of the piston must balance the thrust of the pressiue of the air 
fc ibw, so that TT k-^w=pk\ 


f being the pressure of the air in the cylinder. As tha 
gas is wmpressed isotaermally work done on it is given bj 


t 



= — (TrA-f-w} ak log 
k 


a — / > 
a 


= — ((Tfe+/c) a log ^ 

a, 

Hence we have 

-{-(TlA+w) r==— (irA-hto) « log (2 — 
zw a 

which giv^ the required result, 

Elx. 2. A pirton without weight fits into a vertical cylinder, 
sfoaed at its base and filled with air, and is initially at the top 
tbe cyliiMierjif watesr be slowly poured on the top of the 
fiiloa, show that the upper surface of the water will he lowest 
the &tpth ef 4^ water is — A), where A is the height 
of ths walor hazuH&f^ and a tke Imight of the cylind^. 

lix. S. An ideal is em^eessed to — & of its 



ujlnme and in this process the relation of pressure to volume m 

Hprefised by pv =coDst., where X has a constant value. It is 
cooled at constant volume lo its original temperature. Finally 
ibffi expanded at this constant temperature to its original volume. 
Show that the net energy expended on the gas in this cycle (il a. 
iwk done on the gas) is k times the work done in compression, 
trhere __ (X- 1) log n . 


Let the initial volume, pressure and alsolute temperature dt 
&e gas be respectively. Work done on the gas in 

eempressing it to the volume — is given by 


W: 


Cvijn 
~ I pdv. 

J 


Since during the compression 

X _ X 
pv =C~piVi 


W= 


r c T II 


Let the temperature of the gas in the new condition be 
Sow pressure pi in the new state is given bv 



Sinoe^is constant for an ideal gas, it follows that 
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»othatT/=n"^'^T,. 


The gas is, therefore, at pressure, n temperature 
tad volume — ^ If we keep volume constant and alter ^ 
temperature n T, to Tj pressure becomes np^. 


We now have the gas at temperature T^, pressure n «a 
voluDse **— ' If the gas be allowed to expand ieothermally I 

tl 

its oiiginal volume work done by the gas is given by 


W'=pit'i 


1 

—7>i*n log 
n 


n 


Hen^ I oral work done on the gas 

=2^1 log n 

»-4 W where fr=l - — 1 ) log n 

1 

5.8. ThermodynamicSk It ie now an accepted physkiri 
principle that a quantity of heat is the same thing as a quantity 
Cff mechanical energy. This equivalence was first established 
Igr Joule’s experimenta Jonie showed that a unit of heat vi* » 
eadcsie was equivalent to 41.8X10® erga This constant is knovu 
w Jode’s m^dianicai equivalent of heat, With its help we 
cooM exp^ew tmj quantity of heat in terms of units of medta- 
oieal energy. 

If we BOW coussder a ^s ^ a sjstom of asolecufes betwe® 
eribicit there m* Swees wfa»d]i have a fitential, tiie g» wK 
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possess energy, which will consist of the kinetic energy of 
Bolecular motion and the potential energy of intermolecula? 
for(»a« i his energy, which will of course, depend on the oonfir 
garation and motion of the molecules is known as infernal 
energy of the gas. Let U be the internal energy of a gas, se 
that we may write 

M 

wbeh a m i *) is the mean energy of the N molecule, and f 
m the potential energy of the intermolecular forces. ” 

It is clear that the difference between the energies in two 
given states depends only on those states and not upon the 
mode of change from the one to the other. 

Let ns suppose that a quantity dQ of heat expressed in 
mechanical units is absorbed by the gas from some external 
source so that as a consequence its presmre, volume and tern* 
perature Aange. Let us suppose that after this absorption the 
gas again assumes a steady state and that in this stale its internal 
energy is u -f- du^ i^ow the vvork done by the gas in expanding 
from volume v io v H- dv pd%\ Hence by the principle of 
conservation of energy change in the energy of the gas must 
ba equal to the energy supplied minus the work done by the gat 
in expansion 

I. e, du^dCl — pdv 

dQ,=^du pdv^ 

This equation expi esses the First Law of Thermodynamics. 

5-9. Internal energy of an ideal gaa TheStMeeffap 
gas is defined by its pressure, temperature and volump, 
th^pe three quantities are not independent bdbig 

id "by the r^Mion ^ cond^ tiie" siiate of the gm is given bj 

®7 of the t^piamtities p, p, and T/ H^iee intfirn^ 
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« is a function of two indepoLdent variables only. We can easil 
fihow that in the case of an ideal gas it depends only on iti 
temperature. If a gas initially in steady state be allctwed to 
«addenlyexpand by the opening of a stop cock which esrablishee 

communication with a previously exhausted vessel, a number of 

intricate mechanical and thermal changes will at first occur 
Let the walls of the enclosures be absolutely rigid and non 
conducting. Let kt be the internal energy of the gas in the 
initial state and in the final state. Keither thermSl net 
mechanical energy has been added to the gas from without 
The wails of the enclosure being non conducting as well at 
rigid, if follows from the first Jaw of Thermodynamics 

»a — «x = o. 

If we wait long enough to allow thermal equilibrium to be 
* established, we shall find ihat temperature of the gas remains 
unaltered. But the volume of the gas changes. The change of 
volume, therefore, has no effect on the internal energy provided 
‘ its temperature remains constant, 


or (- ),j, 

Himce iakiog t',T as independent variables 

).iT. 


■■■ <iQ=(Jt).rfT +pdv 


'0T 


(0 


10* 8|^dfie ** Sp^fic heat of a substance is Ui# 
tiiii© rf il^ C 3 f ii^i^ required lo raise by the tempera- 

tore body to tibe of heat required to increaro by 

I € tite of an equal we^ht of water. If an amo^t 

rf ifQ m maia^ a change of temperaturedT,thi 

iMsf: . 
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At a given temperature any numtjer of specific heats might 
to defined according to the conditions under which hf ating 
(aies place. for the quantity of heut absorbed in a given 
hange of state depends partly on the manner in which that 
ange is brought about. In the ease of a gas we shall (xinsid^ 
sflly two cases: — 

(i) when the pressure remains constant, the gas being 
allowed to expand, 


(ii) when the volume remains constant. 

I 

The specific heat in the former case is called the specific 
.hast at constant pressure and is denoted by Cp, whereas that ia 
tlffi latter case is known as specific heat at c-onstant volume and 
H denoted by 


From equation (l) of § 5.9 it is easy to see that 

. 

’ dT ^ 3T ' 




we have cfQ = c, dT pd^. 


But for an ideal gas ^ 


const 


c 


pdv-\-v dp = cd^, 
•6 dxat, dQ =■ cdT -{- tfT — '^dp, 


or, Cp c, = c = const. 

Ihus Cf >Cy, since c is positive. ' ' 

Now it is found that c, is constant within a ocmsuterafa^ 
temperature. Hence c. is also a constant witiuB 
#»» stMge.: We have, , 

"p=c,TH-eo^, . •; 


(4 
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For a perfect gas ^is found to be I.4I, 

Remark: In 6.8 we found that 
i(=K\4 m e ^ 

N — * 

But as pointed out in § 6.4, ~m r ^5 {{ 'p 
u=l RT+'^ 

If the contribution from the potential energy of tit 
molecules be ignored, this expression coincides with that gifja 
fn (iX It ib thus seen that the internal energy of an ideal gai 
consists entirely of the kinetic energy of its molecuhs, tjb« 
potential energy due to the molecular forces being zero. 

5.10. Adiabatic Fxpansion — An adiabatic expansion a 
oompression is cne which takes place without any beat beiDg 
imparted to or lost from the gas. For an adiabatic change 
Imrefore, we hate 0 ^ 0 = 0 , 

fco that du-\- pd'v=o 
or, T 4 " 2 ?dv=o. 

But pv=cT, .'.pd'v-k-vdp^cdT. 

Eliminating ifT, we have 

— vd ]^-\-pdv—(}. 

€ 

But Cp — c,=e 

c, ipdv-\-vdp)+{c^- c,) pdv — o 
or, dp-^-^ peh'=o 

<x, p^=eoi^.. mTiere =X 

lliiB eqm^cm is iJie equ&ticsi of tftSdiatki! ilM 

duriBg hsitl is het , ■■■d* 
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Tlis relation holds in the caso of a sudden dilatation ot 
0Hnpre8sion wliicli occurs so rapidly that there is no time for 
any sensible loss of heat, or for any addition of heat from 
ternal sources. 

Ex. A certain volume of a perfect gas at absolute tem- 
perature To is compressed adiabatieally till the temperature 
becomes Tj and volume It is then allowed to expand 
Miermally till its volume is after which it again expands 
adiabatieally till its temperature is T^. If the gas is again 
aKn^Hn^^ed isothermally till it is restored to its initial state, 
jfOTe that the work done by the gas in the cycle of transform- 
ations is 


Il(T,-TJlog ^ 


where R is the gas constant defined by tho reIat:on^=R. 


*'«> To denote the initial 
state of the gas, and Tj 

be the state after the first adiabatic 
transformation. In the figure 
A denotes the initial state and B, 
the final state. Work by the gas 
during the compression is 






where 


1— X 

But i - , Po*<> s=R 
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(T.-T.) (1, 

The gas is now allowed to expand isothermally fiom 
Tolnme v-^ to volume I'j, its temperature remaining Tx, wwk 
done the gas is 

W,= I pdv=R Tx- log't^ ...( 2 ) 

J 1 

During the next adiabatic transformation, work done by tii# 
gas is 

= P« ”8 — Pa 
■ 1— X 

where jps tj„ are the pressure and volume in the slate at wbioli 
the temperature of the gas is To. 


But =R 

J-T 

/. W,=E (3) 

1 — X 

Work done by the gas during the final isothermal transformation 
b W^ = RT.%^ (4) 


Butyj, PaP a =BTi; 

alsop, o, =Po t?„=R To. 

• * P* R 

Pm ». R Tx 


y-^ T 






SimBarlj it Ifeabown tinil 
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^ Vo ^ T,. 

It follows then-^ = 

Equation (4) gives 

W^ = RT, (5) 

Va 

From (l), (2), (3) and (5) we see that total work done hg the 
gaeis 

R (Tx - T, ) log ^ 

Vx • 

Remark; The cycle of transformations which the gas ia 
supposed to undergo is known as Oarnot’s cycle. 

^12 . Atmosphere in isothermal (conductive) equilibrium, 

If the temperature of the air be assumed to be uniform, 
throughout, the relation between pressure and density is 

p — h9 ... ...(l) 

The equation of hydrostatical equilibrium under the action 
of gravity, which may be assumed to be uniform, is 

dp~ — gP d z — ... (2) 

a-axis being the vertical oriented upwards. 

From (1) and (2) we have 


log £ = — .|(z- •«„); 

Po 

Po being the value of p at height Zo- 

If * 0=0 and H be the height of the honaogeneom atmocp* 
<£ density P^, that could produce tihe preesar© w© hav© 
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Jfc = ^ H ; 


Hence 


-2/H 


or, 9=9^e 


zlH 


Tbm the density of the atmosphere falls off exponentially 
with tlie height above the earth’s surface. 


Exl In an atmosphere at rest under gravity, the height 
H of the equivalent homogeneous atmosphere above any point 
at height measured in terms of air of the density at heio-ht A 
is given as a function of L Show that the pressure p at height 
I is given by 


a 


P-^Po ^ y O 


H 


where p. is the pressure at ^ = a 


Show that in an isothermal atmosphere H is a constant 
independent of and deduce that an isothermal atmosphere 
extends to infinity 

Ex. 2. A large spherical balloon of radius r aud total 
weight W floats with its centre at a height /^ above the surtae* 
of the earth. Show that .4 is given by 




k |r(osh - sinh -f— | 




k 


J 


where p, is the pressore at the surface of the earth and I 
u a ctMi^iii 
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Let 0 be the centre of the balloon 
aad P be any point so that angle bet- 
ween OP and the vertical through 0 is 
I, Consider novy an area of the 
ejAerical surface formed by the re- 
folution of the small element PP' 

(sr dB) round the vertical through 0. 

Erery point of this area is at the same 
yght {h—r cos 6) above the earth, so 
that pressure at any point Pis 

— r cosS) 

acting normally along the radius PO 

Hence the component of the pressure along the upward 
Tertical through 0 is 

gJi gr . 

~ V- -4-008 6 
fc k 

Po e . e cOs 6. 

Vertical component of total pressure acting on the belt 
eonsidered above is 



2 sin 6 dBp^e e cos g. 

Hence total upward thrust of the atmospheric pressure is 


^gh r-TT 

I Bin 6 cos e e 
r-t-1 k 


ST 

k 


cos 6 
dB 



( 172 ) 


k 


4 e =4 r* 


p« 


-gh f 
e gr 


cosh 






k g'^ 


_8inh gr 

" T 


I 

I 


Since the balloon is in equilibrium, this must be equal ti 
its weigh W. 


p j 

e g W 


r cosh — — sinh ^ | 
kg k ) 


Ex. 3. Taking into account the variation of gravity with 
height and assuming that the temperature of the air is constant 
at all heights prove that at a height x the pressure p of the air 
is given by 


log 

po k (fl-j-x) 

where a is the earth’s radius, k=pj Pc and po, Po, g, are 
the values of the pressure, density and gravity at the earth’s 
surface. 

A balloon carrying a self registering barometer records 
pressures equivalent to A and kj- inches of mercury when it 
ascends to heights equal to fractions a and Uj of the earth’s 
radius respectively. Prove that 


ago 

k 


af- a 

(1+a) (1+a,) 


= -I- +2 log 


1+a, 

1+a 


Ea 4 A small hollow gas tight sphere containing 
requires a force mg to prevent it from rising when the 
lowest pennt touches the ground. The total mass of sphere 
and hydrogen ns M. 8how that the sphere can float in equili- 
'^tum with its lowest piint at a height h above the ground 
wl^re 


1= 

^ M 

beu^ the deiKait j and prearare at the groond. 
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5. 13. Atmosphere iu adiabatic (convective) equilibrium. 

The law of variation of atmospheric density investigated 
in the preceeding article is the law which would undoubtedly 
Ijecome established if the earth’s atmosphere were left at rest 
fcff a sufficient time. This is, however, far from being the case, 
for under actual conditions the earth’s atmosphere is con- 
tinually being agitated by currents and storms, so that there 
a an incessant mechanical transference of air from one part 
(£ the atmosphere to another. Besides, conduction of heat in 
gases is very slow. It, therefore, results that the atmosphere is 
never permitted to assume the equilibrium density which has 
been investigated on the hypothesis that the atmosphere is at a 
anilcrm temperature. As an element of atmosphere moves from 
one layer to another, its density changes and consequently also 
ii8 temperature. But before its emperamre Las adjusted itself 
to that of its new surroundings it moves again to some other 
layer. Hence the density of the atmosphere is determined not 
by the equalisation of temperature necessary to a permanent 
^ate, but by the condition “that an element of atmccphere on 
being moved from one place to another shall take up the re- 
quisite pres 8 ur .3 and volume without any loss or gain of heat 
by conduction taking place.” That is, the law connecting the 
pressure and volume in the atmosphere is the adiabatic law 
found in § 511. 

We thus have for the equilibrium of atmosphere 
dp= —-gPdz. 

Also the adiabatic law connecting p and P is 

^=-yP 

dz 

It ^ 

lategratHig, 


( 1 ) 



( m ) 

where is the density at z=o. 

ai>ee^= EPT, ^ =ET 

T -T 

or, — ® = const, 

z 

where T, is the temperature at z=a. 

Thus the temperature decreases as we move upwards, the 
amount of decrease being proportional to the height. 

Ez. 1. Show that there is a superior limit to the height of 
an atmcffiphere in convective equilibrium. This limit is 

yP'ofV- 1) 

where p^ and Po are tlie pressure and density at the earth’i 
garface. 

Ei. 2. If the alsolute temperature T at a height « is a 
given fuuction (z) of the height, show that the ratio of the 
pr^uTQS at two heights z^, Zg is given by 



k being a cionstanr defined by the equation p — kPT. 

As 3 Q ajroptaae i^kreuds the temperature and pressure are 
KmnltMieois^y recorded and a curve is drawm plotting the absolute 
temp^^ore against the logmnthin of the pressure, prove thiU 
b%ht atMjduilad l^ween two readii^ is 
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where x=log p. 

Ex. 3. In a vertical column of perfect gas the pressure 

absolute temperature at any height z are and T. Prove 

that 

Po 

' P 

where p^, P^, are pressure, density and absolute 
temperature at the bottom. 

Height is measured in an aeroplane by means of a specially 
graduated aneroid barometer. The graduations are such that 
the true height would „ be read direct if the temperature of 
ttm >8phere were uniformly at lO’c. Show that the instrument will 
read differences of height correctly whatever the barometric 
jff^ure at ground level. 


To tind the true height when the temperature is not uni- 
fern it is necessary to read the temperature during ascent, 
9 k)w that the true height corresponding to a recorded height 


(IS 



where zo is the reading atground level 


aad T the absolute temperature when the reading is 2 i. 


(Tripos Pt. IT, 1921). 


Ex. 4. Assuming the temperature of the air to diminish 
aaifonnly with the height prove that the difference of level of 
feo stations is 


H °273 log 'T„ 

% 

where H is the height of the honK^eneous atoo^diere at, 0 
T„, T„ are the ateednt© tcffiipaatore* of Ae 
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Ao, Ai ars the barometeric heights reduced to 0° centigrade. 
Prove aho that if as an approximation the temperature were 
taken to be constant and equal to 4 (To +Ti) the calculated 
height would be too great by a fraction of its true value equal 

roughly to J [— ? assuming (To— Ti ) to be small. 

Ex. 5. A perfectly flexible balloon contains a light gas 
of total ma^ m. At the ground level it is at the same tempe- 
rature as the surrounding air. Prove that it will exert tue same 
lift at all heights if it remains at the same temperature as the air 
round it ; but that if the gas inside expands adiabatic-ally the 
lift at height * will be less than the lift at the ground level by the 
amount 

myff 1— (l— j- 


where cf is the ratio of the density of the air to that of gas 
under standard conditions, x, x' are the ratio of specilic 
heats for air and ihe gas and H is the height of the at.j ospheip 
I. c. height at which pressure, temperature and density vanish. 
It is supposed that the balloon is never fully expanded. 


Let P be the density of the air at height z and let P' be 
that of the gas inside the balloon when at this height Then 

the volume of the gaa inside the balloon at this height is — The 

volume of the air displaced by the balloon is accordingly-^ and 

therefore weight ^ the air displaced by the balloon is p. 

Henos the upward lift at any height z by the air outside the 
P P 

ballocm whuere ^ the ratio of the denaty of surround- 

iugaff Howif 



•1(6 temperature T outside the ballooa is the same as that of 
the gas iiifiide it, we have ^^=6, for the air and ^ =E', for 
the gas. 

The balloon being flexible, at any height and Tss=T' 
bv hypothesis, hence af any h'dght 2 


L 

9’ 


R' 

■r 


: const. 


Hence the upward thrust of the air is the same at all 


yf 

If the gas inside expands adiabaticallywe have p’=k' 9' ’ 
where p', 9' are the pressure and density respectively of the 
gas and Y is the ratio of specific heats. 

The equation of pressure for air is dp== — g9d^'; 

Also 

X— 1 , 

^ yz + cons. 

But P=o when 2=H 

fcV hJ 

1 

or P«K' [1- -1 1^—1 
id ■* 

.'.pressure p at height z is equal to 

X 

Thif is also the pressure of the gas inside the bsdlo^ as 
IbhoUoon " " *’le. Hence if be the dens^f &e gas 

ttheydtt e 
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P 



[ 1 — |] 


X 

X — 1 



1 x-x 

Hence (x-l)x' 

p“^"F ^ K'^ 

In particular if z=a 

^■■p K'^ y ^ 

.‘.upward thrust at the ground level minus that at a height 

ia 

f • 

Ex. 6. A cylinderical well contains air at constant tern* 
psntoe, and denaiti^ at the top and bottom are P and P.. 
Afi^uning ^ to be ojnstant show that the mean density of the 

air in die well w 1<^ \ 

Ip ' 

* • * 

(M.A. Punjab Univ. 1935) 

We have &r equOilaiiim of air 



where P 

dt 

P k 


or, 


P = P„e 


gz 

' ifc 


Average density P 


It, 

r 

ig^a 

■ ' n 


— 9^ 

k 

2) P„e 


Ir’ 


)f2 


A9 


A being the height of the cylinder. 

_gh 

SiaeePi=Po« ^ 



P — P 

» 1. * o ? 

Hence P Jog^P i ^ 

Ex. 7. A bent tube of uniform bore, the arms of which are 
at right angles revolves with constant angular velocity w about 
the axis of one of its arms, which is vertical and has its extremity 
SBHnersed in water. Prove that the height to which water will 
rise in the vertical arm is 
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a being the length of the horizontal arm, IT the atmospheric 
pressure, and P the density of water, and ^ the rauo of ihg 
preraure of the atmosphere to its density. 

Ex, 8 When the pressure of a given tnass of a gas is p, itg 
volume is v. If the gas is allowed to expand slowly from vDlume 

Cv 

to volume v, show that W, the work done is p dv. 

J »o 

For a gas which is such that for p >po. 

W = pv+ Po + coTisf, 

P 

verify that v decreases as p increases from po ^ iu terms 

of p. 

(Tripos part I 1938) 
— P P,q 

pe ^Po* J 

Ex. 9. A hollow closed rigid ve; sel whose walls are oi‘ 
negligible thickness has volume V and contains air of density <r 
at atnKMpheric pressure Tt and absolute temparature T. The vessel 
is held below tlxe surface of a lake of uniform density P and tem- 
perature T. A small hole is made at the lowest point of the 
veasel allowing water to enter the vessel but no air to escape. 
All changes take place isothermally. When water ceases to 
enter the vaa^l, the water surface inside it. is at a depth ^ below 
tl» surface of the lake. If the vessel, when released, can float 
freely (tt^iy immersed) in this position, determine A in terms 
of M, T, IT, cr, P aad g where M is the m^s of the vessel when 
em{^y. 

Find whether tl» equilibaiuia is stable or unstable hr 
vertical dmp^a^^inente. 

(Tripos 1981^ 
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\An 


Tf { (P - V— M } 
gP{U+(TY) 


Ei. 10 . Two cylindrical gasholders, of weights W i and 
\V, and of cross sections and A 2 fioat in water with their 
tops at the same height Ti above the water. The combined 
quantity of gas in them would occupy a volume V at the atmos- 
pkric pressure TT. Prove that 


ir{v-^-(w,+\v, ))- 

A1 + A2 j IT ^ w'l + 3 



irhere P is the density of water, and the buoyancy of the water 
displaced by the side of the gasholders is neglected. 

Ex. 11 In ascending a mountain the tempera; ure of the air 
is found to decrease by a quantity proportional to the height 
ss^nded and A, k are the observed heights of the barometer at 
two stations whose difference of altituile is z. Show rhat z varies 
18 where m is a certain constant, and where changes 

of density in the barometer are neglected. 



CHAPTER Vr. 
Capillarity. 


6 1. When the surface of water contained in a vase is 
care.ully examined it is tcuad to be imperfectly level becomino' 
considerably cnrvjd in the vicinity of the walls of the vase 
Again, if the lower end of a vertical tube having a narrow L^re 
is iinraersed in water, the liquid rises some distance above the 
level of the outer surface of water. The free surface of the liqoij 
within the bore is curve! and appears to cling to the wall of the 
tuba at a definite angle. This angle is called the “the angle of 
capillarity.” If a small quantity of mercury is poured on a 
horkontal plate, it forms a drop. If the quantity of mercury is 
♦‘xeeediugly small it assumes a nearly spherical shape. A 
larger quantity sprea.l8 out into a cake-shaped mass with a 
nearly fiat top and with rounded edges. These and other allied 
phenomena are explained on the hypothesis that the molecules 
of the liquid and the solid with which the liquid is in contact 
attract one another with forces, — capillary forces, — whose range 
ot action is very small. 

6'2 Historical inirodutiiou. Many of the phenomena due 
to cajullaury tjices were descriited as early as 1670 by Borelli; but 
the first accurate oUiarvations of capillary action of tubes and 
glasB plat«B were made by Francis Hawksbee (1713), who 
asexibed the action to the attraction between glass and the liquid. 

obeervad that the effect was the satne ia thick tubes 
as k ffuii tabt-8 and concluded th .t only those particles of glass, 
wUeh M&vmj near the surface have any influence on the 
Qairsat iu hi?! “Theorie de la figure de la Terre” 
(I74A,‘ alteiBp;ed anBotjecssfully to calculate the elevation of 
Hqoids in «^|al|«y trfm la 1805 Thomas Young compared 
free snff&ee ei » llqaid to that of a membrane ^oallj 
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etched in all direorions. He also gave for the first time 
the differential equation to be satisfied by such a surface. But 
»j Laplace and Poisson have pointed out, “the identity of the 
gnr&ce of a liquid with that of a stretched membrane can only be 
tbe consequence of and not the principle of the solution of the 
pruAIem". 

A satisfactory explanation of the capillary phenomena on 
file basis of a mathematical theory was not forthcoming till 
1806, when Laplace formulated his theory of capillary action. 
Ihe fundamental hypothesis of his theory was that any two 
Biolecules of the liquid attract one another with a force which 
sets along the line joining them and whose magnitude is pro- 
pcfftional to their masses but depends on their distance accor<^g 
<0 an unknown law. Laplace also assumed that these molecular 
forces become infinitely small when the distance between the 
molecules exceeds a small distance e called the “radius of 
molecular activity.’^ On the basis of these simple assumptions 
1 m explained nearly all the phenomena of capillary action then 
known. 

It had been noticed that the angle of capillarity for a given 
Kqnid and solid was constant along the curve of contact of 
die liquid and the eoHd. Laplace’s theory suffered from the 
drfect that it was not able to explain this constancy except in 
&e case of a cylinder. In 1830, Gauss proved the constancy 
of the angle of capillarity by applying the theory of virtual 
wL 

About the same time (l83l) Poission in his “Uouvell 
IWorie de 1, action Capillaire’^ pointed out that the theori^ , 
of I^plkce and Gauss had taken no account of the fact that the 
dBBfflty of the liquid near the free surface is not constant. By 
ttesBW of extremely complicated but very well conducted oal- . 

: wiabonB he proved the constancy of the of eaplllarj^ 
other resists afreadj ^vi)^ ly 
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Pond's analysis was simplified considerably by Mathieni 
Pdincara' Hagen, Brunner and others studied with the utmm 
precision the elevation and depression of liquids by capilla 
action and showed that the theoretical results of Lapla^ 
Poisson, Gauss etc. are completely in accord with experiment! 
Plateau's celebrated work,- “Sur Les Liquides Soumis aux senles 
forces moleculaires"- contains an elaborate account of the 
mathematical theory of capillarity and of his own extensive 
aeries of experiments. 

6. 3. Theory of capillarity, in its most general form, is the 
et^y of the forma assunaed by the surfaces of liquids in contact 
with each other , and with solid bodies. The curious forms of 
sudi surfaces become explicable only on the hypothesis of <be 
existence of intense mo.ecular forces having an extremely small 
range of action. 

Let jWi and m, be masses of two molecules of the HqnM 
and be the distance belween them. The molecular forct- 
between them is then assumed to be 

mi m,f (r,i\ 

/, being an unknown function, which becomes infinitely 
small when exceeds e, “ehe radius of molecular activity”. 
Here it is tacitly assumed that the linear dimensions of the 
umlecnles are infinitely smaller than the length of any line from 
the sorface of one to the other, for otherwise the quantity ri, 
would have no meaning unless, of course, the molecules ase 
Bjqjposed to be spherical. 

fe tj prooeed foriher it is imw nec^sary to make some 
coonenmig cooststQtion of xnatter. Ho doul^ 
the apphe^MMi of Qah$uluB to the detenninariim -of the 

ecrion piO^Med ee a BKdeeohe of a body by the neigbhn nrmg 
n>ole<ale8 is rignnopfy joetifiah^ ^^y aasumptiiao Ast 

w»ltar is ^ ^ m 
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however small, between the molecules. Still such an 
hypothesis, as remarked by Lame', is inadmissible. On the other 
band the assumption that the molecules of matter are very distant 
from each other so that the space suiTounding any molecule is com- 
paratively void of matter, makes the application of mathematical 
analysis almost impossible. We, therefore, strike a via media 
and assume that matter is quite closely packed, the dimensions 
of molecules being great compared with the distances between 
the surfaces of two contiguous molecules. Matter may, there- 
fore, be regarded as sufi&ciently continuous so as to permit the 
application of Integral Calculus at any rate as a very close 
approximation to truth. But on this assumption, when calculating 
foe molecular force between two very cIo>;e molecules to, and 
it will be necessary to imagine both the molecules as subdivided 
foto infinitesimal parts •* mi and $ in, so tbat the dimensions of 
each part are infinitely smaller than the distance between any 
two points on the parts eons dered. If be the distance, bet- 
ween these parts, the attraction between them will be Sm-, Sm, 
f {r„). Integrating over the two molecules we shall obtain 
foe force acting between them. In what follows, therefore, we 
foall apply the Integral Calculus as though matter were eon- 
flauous. 


6. 4. Consider a homogeneous liquid in contact with a 
»}id body. L&t (X, Y, Z) be the components of the external 
force per unit mass acting on the liquid. In order to determine 
foe equilibrium of the liquid we shall apply the principle of 
■firtual work. 


Letj7i,,mj. .. mi, .. be the molecules of the 
Hpid and Mj, M„ .. Ms, ... those of the solid. Let Wj, he 
foe distance between the molecules mi and and 'Kj, that 
l^een m, and Let m, pi,f {r,,) be the attraction betwo^ 
^ and and M. F (rj.) be the adfraciioB mi 



Then tih© virtual work, 
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between m* and acting along consequent upon a slight 
displjw^nwnt S r;, is 

—Mi 

Similarly the virtual work of the force between Miand 

M. is 

—m, >I F (Ru) Ri.. 

The virtual work of the external force (X, Y, Z) is 
ffii [Xi5x4- Y^y-bZ^z]. 

Since the system is in equilibrium, the sum of the virtual 
works mi^ be zero ior any displacement consistent with the 
Istsons or constraints of the system. 

Or, [X^x+Y5z/+Z^z]-4S:.S:.,;*. /(rj 

— s:,s:.w,M.F(Ri.^^ Ru=0 ... fl) 

Here the first sum extends over each molecule of the liquid, 
the second mim, which is double extends over every arrange- 
ment of two molecule of the liquid ; and the third sum, which 
is also dotJble, extends over every molecule M of the 'solid paired 
with every molecule of the liquid. We have taken the factor | 
ia the seccmd sum in order to ensure that each pair of molecules 
the liquid contributes towards the sum only once. 

Let J* /(r) J" dr=<P{r) 

lance / (t) is mfinitely small when r > S. 

J e Too 

F ¥ (r) dr^Mr) 

— f{r) F (r) Sr=S^ (r) 
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[X<ya:+ 

+ ^iS:, (R«)=o. 

Remark :-— Since/ (r) and F (r) are negligibly small when r7 e 
so are <l> (r) and ■'V (r). 

Kow, set U=^ y'(X.dx-\-Ydy-\-Zdz) mi 

.mi m.^{ri,)H- Si jS! , (®“) (2) 

The condition of equilibrium is, therefore, ^11=0 for erery 
pcssible displacement consistent -with the laisons of the system. 

6. 5. We shall now evaluate the double sums encountered 
in the preceeding article. Consider the sum s: .S . ^i <f>(Tu ). 

Take first a molecule mi so situated that the sphere of 
radius 8 round mi as centre is completely immersed in the 
liquid. The sum m' (ru), where m, extends to every 

molecule of the liquid except mi, is clearly the same as if the sum 
extended only to molecules within the sphere of molecular 
aclivity, for ^>(0 vanishes for ru >S. 

Accordingly S!, (ri.) = P y'(4 0 (r), 

_47rp I yS 0 (r) dr=cons=L (sag), where P is the density of 
fte liquid, 

If it were possible to surround every molecule by the sphere 
rf molecular activity in such a way that the latter remains 
wholly inside the liquid, the calculation of Si ;S! ,77?,. mj>{ri^) would 
tea simple matter, for it would be=S»ni L=ML, M being 
tie total mass of the liquid. 

Actually, however, it is impossible to do so for molecxtles 
ita disfemce less than 8 firom the free surface of the liquid or the 
of contact of the liquid with [the aplid. We ar^ Imwevear, 
die. to do so by drawing an imaginary shell oemstant thiek- 
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ae^ £ sorroanding the free surface and the surface of contact 
between the liquid and the solid. It is clear then that 

ML=S.S. [rrii vh K^isTl+^i tu; m, <f> (ru) 


where the summation S exteds over mole of the umles imaginarj 
shall. We now proceed to prove thet Sj S, mi <t> (n,) is propor- 
tional to the sum of area of the free surface and the area of the 
surface of the liquid in contact with the solid. 


Let A B «id A' B' be the surface 
of the liquid and the outer surface of 
the imaginary shell respectively. 
The two surfaces are by hypothesis 
parallel, the normal distance between 
them brings. Consider now an ele- 
taeut of volume at Q, who.se mass is 



Pda dz where z=jiyQ, and f/s is an 
cdementary rea of the sn;face 
through Q parallel to the surface 

A B or A' Bh Draw a sphere of radius £ round Q. Take polar 
coordinates with Q as pole, Qp as the axis of 0 and any lice 
through Q at right angles to Qp as the axis of ox. 

Let U8 take dS so small that the distance of any point 
P( r,P, ^ ) from any point of the elementary area dS at Q is the 
same as QP=r. Hence Si S. m-, t-j. ) 

(P dS-iz) (PrVr dn S dB d'¥)<b ir) 


= [ dSiz fffrH (r) s/7, %d dSd'l'] 

The limits of the triple integral within brackets are to be 
siKih that the field of integration is the volume between the 
surface A B and h! B' and the sphere of molecular activity 
round Q. Since tiie r^litus of the sphere is infinitely err all 
«jm|mred to the free surfacj of the liquid and the snrfiioe m 
eoDfact with the solid, Ihe sections of the sphere bj the gaif&esi 
A B and A' B' mSy 1 m faltett to Ito planea 



( 189 ) 


Hence <P .r) sin 6 drdd 

sector a Qbp r S J Q a', £ Q 5' ^ J f S a' Qb'qaf 


sector a 

2’’’ cos'^ z z sec 6 

i r 

■1> (»*)|<^r-h 


t d'i’ j sin BdB j ?*-<; 
^0 J Q O 


2 cos z—B 
r r 

dW 

^ a ^ 


s r® 

tin B d6 I J*“ ^ ir) dr 
cos J, J a 
S 


2 TT TT 


+ sir B dd 

Jo Jeos'^z-S^ 


{z — £} sec 6 
<l> -r'jdr 

O 


= \i(z , (say). 

Hence S; nii 4> (rj) = S S yi dz 


= p3 



Js,V(2M2=A'P"S, = B 


o 


s 


where B^is a constant and S is the sum of the area of the free 
surface and the surface of contact of the liquid \vith the solid. 
Let the former be (t and the latter be X, then 
S = cr + X • 


HeueeSj mi (r;^) 

= ML — (X+cr)B 
^^2 A. ““ (X ~j~ (T) B, 

A, B being constants. 

Similarly it is easy to establish that 
S, mi M. ^ (ffd) =E X. 

Hence by equation (2) ef § 44.. 

H= S y'(X. <Jx dr Y dp Z dz} wti + A-4BlX +lDr)+&^ 
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* s:y’(X(i^ +Y dy -\-Z dz) m-, + A— O’ — (|B— E)X 

where A,B,E are positive numbers. 

Remark: — We have assumed that the density P is uniform 
throughotit the liquid. As mentioned in § 6.2, this assumption 
I as been criticised by Poission and Mathieu. The results obtained 
by them on the assumption that t ,,e density of the liquid near 
the free surfice varies are, however; similar to those obtained 
above. 

6.6 Equilibrium of a iiqtu'd contained tn a vase. If the 
only external force acting on the liquid be that of gravity, then 
taking the upward vertical as z-axis, we haveX=Y=o, Z= -y. 

Hence U= —■ f m-, dz + A— or — (|B-E) X 

= — m,z -f .A — |Bcr-(^B — E x 

= -gPfJ'J'zdv4-k — 4B (T _ (4B-E) X 

where dv is an element of volume of the liquid, a is the area cf 
the free surface and X the area of the surface of contact of the 
liquid and vase. 

For equilibrium we must have 

SJJ=o 

or, —g^^fffzdv ■— 4B J<7 — {JB — E)^X=o (1) 

We now p.-oceed to calculate the variation 
of each of the three terms of the above equa- ^ 
ton. Let AB be the free surface of the liquid A 
in its eqidlihriiua portion and A, Bj its position 
aftfflr a virtial displacement. These two sur- 
faces tocksa a volume between theiiwelves. 

We split this voiuiiMS into small elements by 
drawing tomals M each point of 

tlie oraikrar d a raaali eleoEGmrt cfS, (MN), of the sorjface AR If 
MM^ ^ vtdnme ol tim dimamt is dn^SndB. 
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Now f f f g?zdv is the moment of the weight of the liquid 
wit£ respect to plane. Its variation is therefore clearly 
the moment of the weight of the liquid contained in the surfaces 
ABandAiBr- 

Hence ^ f f fg'^zdv^^Vgf 

whfflothe field of integration of the double integral on the 
t^t hand side is the free surface of the liquid. 

To find the variation Bo of the free surface area, we require 
die difference between o and ffj, the areas of A B and A^B 

:,Bo^o^~<j ... 

Let L be the curve of contact of the surface AB with the 
lase and L, the corresponding curve of A^ B,. Draw normals 
at each point of the curve L to the surface AB. These normals 
intersect the surface A JB^ in a curve L', bounding an area o' 
rfthe surface A^ B,. 

Let ff" be the area of the surface A j ^Bi bounded by the 

carres L^ and L'. 

.*. orjS=a' + a" 

Accordingly, 

O’ 

= ... ... (4) 

^ being an element of the surface A' B' and c?S of A R 

!^t us now compare and (fS. Imagine the net work of 
paeipal lines of curvature of the surface drawn out cm it 
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Let MN and MP be two sucb lines through 
M, then the normals at M and N intersect at G 
and the normals at M and P, at C' andMC and 
MO' are the radii of principal curvature. 

Since <PMN is a right angle, area nlS 
of the mesh MPQN is MNXMP. The 
normals at the points M, N, P, etc trace a 
corresponding mesh M'N'Q'P' on the surface 
A'B', whose area (fS ==M'N'XM'’P'. 



Now MM'*= S' n. Hence from the triangle MPC' we have 
m.'r’ MO'-MM’ 1— 

MP “mC'“ MO’ ' 

R j being a principal radius of curvature of the surface at M. 
Similarly, 


Bn 

MN 17 



/) Bn 

R/'' R 


neglecting term of the second infinitesimal order. 


Hence £^S'-dS=-^n {-]^ +^) d8 

(^+^VS(JU) (5) 

L 


ns now evaluate the annular la-ea o" between the curves 
L I and 1/ of die surface Ai B Take two points A and G on the 
ctrveLinfinitely near each other. The normals AA' and CK? 
at A and C respectively to the surfeoe AB meet the eami/ 
k points A\ G' infiniMy maas ©wii oihOT. 
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From k' aud C' draw lines A'Ai & O'Oi 
lying in the surface Ai Bi and perpendicular 
to AA' and CO' respectively. 

These lines divide the areao" into ele- 
ments A'AiCiC', whose area is sensibly 

c? wj “ dsX AjA^, 

’ dt being the element AC of the curve L. 

Defining the ‘angle of capillarity’ to be the angle 
between the free surface and the surface of the solid at any 
point of the curve L, it is easy to see that angle AAiA' after 
the displacement can be identified with t?, the angle of cap- 
illarity. 

Hence AiA‘g=AA‘ cot B — ‘ 

sin S 

.’.dw—ds^^r-^ Sn, 

Sin w 



so that 

a*= f fdw= f^-^Sn ds. 

J J J szn u 
it follows from (4) and (5) that 

f ^Snds- f f (~-h^)SndS (6) 
J LSin e J J t K/ 

Finally we require the variation Jx of the surface of the 
liquid in contact with the solid vase. It is clear that ^X is 
the area comprised between the lines L and Lj. An element of 
this area is AA^ CiC. 


Hence S\=J' dsA Ai 

= r 

J L »tn 9 
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The Equation of Equilibrium (1) accordingly becomes 





Sn 
sin B 


ds=o. 


( 7 ) 


TliiB equation must be satisfied whatever be the value of ^n, 
provided, of course, ,that the value of Sn is itself compatible 
with the laisons of the system. Now the liquid being asH nniAfi 
to be incompressible, the algebraic sum of the variations of the 
volume resulting from the virtual displacement of the bounding 
surfaces must be aero. We have already seen that the volume 
of an element comprised between the free surface and its dis- 
placed position is S'ndS, Hence the incompressibility of the 
liquid impose the osntraiut, 

/ ( 8 ) 

If we take into account this equation, equation (7) is sat- 
isfied for any arbitrary value of compatible with the lai- 
HH» if 


—9^^ +■ ^ “ conBt.=K 


( 9 ) 


aitd (£ — 5 5 cos 9=0 


( 10 ) 


Hieae eogaditkKis are obviously Efficient; for if they are 
sarisfied, the seormd tmm of equation (7) vanishes, wh^eas the 


fiirst redooee to die 

bjCS). 


prod^ IlJ J 


Sn dS aisi is therefore z«o 
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Tliese conditions are also necessary for if they are not 
jgdafied, "we can arrange a displacement of such a Wind that 
aldiongh equation (8) may vanish yet equation (7) -mil not 

Let us first suppose that-^P*-f^ + ^.) is not a con- 

xC 1 xi j| 

It is then a function of the coordinates of the surface and 
^ ralue at any point lies between a relative maximum and 
Bibimuni as the field of variation of the function is a finite 
ngbn* If K be a value intermediate between this maximum 

minimum, the funcdon 

( 11 ) 

is sometime positive and sometime negative. 

Let us give to Sn a value zero along the curve L and a 
Tslue of the same sign as the expression (11) at other points 
cf the surface. These values can always be foimd so as to 
satisfy (8). 

We then have 
sod therefore, 


=yyj-<iP.+|(^^ + |.)-K]s»^a 

Now by hypothesis Sn is zero along L so that the line 
ffitegral of Equation (7) vanishes. Also Srt is of the same sign 
as eipression (11), so that the surface integral ot (7) is not zero 
aaeadi element is positive. It follows then that Equation (7) 
WWKjfc be satisfied so that equilibrium is impossible. Condifem 
0) therefore necessary. 

Let us now suppose thi^ condition (9) is gatirfod but not 
we c£Ha {dways dmcse valuess ^ tn sa^^ing (8) and sach 
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that along the line L, the sign of Sn is the same as that of 
(E-|)-|cose. 

The first iDt6gJ^3,l of Equation \ 7) is zero while the second 
is positive. Equation (7) cannot be satisfied. 

It follows then that Equation (9)^ (10) are the necessary 
and sufficient condii ons of equilibrium. 

Equation (9) is the equation of the free surface of the liquid 
and Equation (10) shows that the angle of capillarity 6 is cons- 
tant at every point L of the curve of contact of the free surface 
of the liquid and the containing vase (or the adjacent solidX 

6. 7. We now proceed to give the differential equation of 
the free surface of the liquid. 

We have already seen that if Ri, Ra be the principal radii 
of curvature of the free surface at any point 

B/1 il \ ^ I R- 


where o* =»the positive quantity 


|p , SBd 4 



From solid geometry we know that 

< 1 4.1 V (l + (1+9^ > r-2pqs 

+ + )8/r 


u 0* ^ _ 32 , 


_ a»z a^ 

a®* ’ ^ ‘dsoZy ’ a^* 


The differential equaticm of the free surface becomes 
(l-h>*) f-t- {l-\-q.*)r-2pqs _ _1 . 
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Eemark I : — If the free surface is surface of revolution 
generated by the revolution of a curve 2 =/ (*) about 
the (vertical) axis of 2 , the principal radii of curvature at any 
point are known to be the radius of curvature of the meridian 
section and the normal intercepted between the point and the 
axis of revolution. 


The former radius of curvature is 


and the latter is 


[l+f» («)•] 

r 


r 


Hence 


1 . 1 ^ /'(®) , 
d- E 8 + 


* Il-hr(a;)]^ ® V 1+/ *(*) ■ 

/" («) + /(^) [1+/ (®) ] 


3f 


The differential equation of the generating curve of the free 
surface is 

nm) +\f(x)\l+f\x)-\ 


(1 +/"(«)) 


... ( 2 ) 


This result is, of course, also directly deducible from 
equation (1). 

Remark 11. The “Constant of Capillary forces” - is called 
surface tension’ of the liquid. See also | 6. 10 

6. 8, ' Weight of liquid rising in a cylindrical taba ConsHler 
a cylinderical tube plunged vertic^y in the liquid. Tlw equathm 
v.^ the free surfiice can be written as 
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( 1 + p*+ 2 *) ^ a * 

__ 'd t P \ 4- A f <? > = 2- A 

dx^ Vl+p»+ 2 » V]+ 2 ? 2 +g=> a* 

dUxdV^ z — h, 

”'S+iP 

where U= , -, -^ , -- ,V= ^ . 

Vl-h/?®+ 2 * 

Moltiplying both sides of this equation by dx dy and in- 
t^raling, the field of integration being a cross section of the 
cylinder 

//c ( //< ^ 

Now the left Sand side by Green’s Theorem is easily trans* 
formed into a line integral. 

It is eqtud to 

{U cos e + F st'» e ) ds, 

whore e is the angle between the normal to the curve of the 
rig^ section of the cylkder and the ar-axia 

=«-//<£+ fy > -^^y = ^ ^ 

hh>w the direatk)a.G<^inee of the normal to the free surface 
and the apnmdlo the vwU of the cylinder are respectively, 

p q —I 
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- p cost q sin e 
cos ®»= - 7 — - - 

■v 1 + i?® ~i" 2 * 


Accordingly, 



p cos t q sin td s 

V 1 4- 2 ® 



/: 


ds = I cos 6 


smce 6 ia constant; I being the length of the contour of a normal 
section of the cylinder. 

Hence SS ( 2 — A) dxdy = I cos 6. 

The quantity A represents the z — coordinate of the level 
surface of the liquid outside the tube. Hence dxdy 

is the volume v of the liquid which rises in the tube above the 
horizontal surface outside the tube. 


V = a® Z cos 6. 


If ap.gle 9 is obtuse as in the ease of a glass tube dipped in 
mercury, the value of v is negative which indicates that the liquid 
is depressed in the tube. 

Ex. 1 . Prove that the volume of the Lquid that rises in 
the space between two cyiinderical tubes of the same material 
dipped in a liquid is proportional to 

(/4~Z') cos 6, 

where Z, V are the lengths of the contours of the normal sections 
of the tubes and 8 is the angle of capillarity ft»r both the tubes 

Ex. 2 . A cyiinderical tube of any cross section is plunged 
in a liquid so that the angle between the generators and the 
VKtical ia ff. Show that the. volume of the liquid ihai .rises in 
tube is {sec ff) times the volume that would rise if the tuh©^ 
plunged vertically. -1 

Ex. 3. 

; <m a 


A large drop of a liquid having 5® nsarly flat top 
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If r is the radius of the section of the surface by the horizoatal 
plane on which it rests and <f> the angle of capillarity, prove that 
the volume V of the drop is 

( 2 sin <t> r®) 

where A is the height of the highest point of the drop above the 
horizontal plane and yPa* is the surface tensiDu of the liquid. 

Let us taka the vertical axis of revolution of the solid as axis 
of s and the origin of coordinates i i the horizontal plane. 

We have ^n diat the equation of the surface is 

(*— A) =« a* ( ^ (1) 


whert? A is a constant and a * 
«=5fPa». 


80 that- 


surface tenaon 


Since the drop is very large and has a flat top the principal 
radii erf curvature at the top must be infinite so that if Zo be the 
height erf the high^t point above the horizontal plane, we have 


Zo — A = 0. 


‘Hence A is the height of the highest point above the 
hairizontad plane. 

Multiply Ix^ rides of Equation {\)hj dxdy and integrate 
over the j^regeedion of the firee surface of the drop on the 
bociaantal pisae. 

dwis — fdsAy =«• Sf (L ) dxiy 
or, Y - +-4. ) 

J' I g ) d«id|f*=2 w r 
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Hence V=2’"’ra^ sin <f> 


Ex. 4. A drop of mercury resting on a horizontal plane is 
in the from of a surface of revolution. If h he height of the 
topmost point of the drop above the horizontal plane and i the 
angle made by the surface of the drop with horizontal, prove 
that 


h=2a cos^ 


h 3r cos T 


where 5 is the radius of curvature of the meridian curve at 
the top and r is the radius of the base of the drop, and y Pa* 
is the surface tension of the liquid. 


We know that ^ 4-^^ =- — — 
El Ra a* 


Taking a horizontal line through P asx-axis and the doion- 
ward vertical as z-axis, we have 


( -1 + 1 ) 
a* ' Ri nj 


Since z=o at the topmost point P, where the radii of 
principal curvature are b, h we have 




2a* 


'21 


Set ~=t.an 0, 
dx 


AV| X B, as dz as dz 

Equation (1), therefore, becomes 

aZf 00 ■** 


Im^gratinsr. 
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= - COB r Sini 


J- 

Now '^‘=‘0 when z=o, therefore, 


fc^ = l-e«s^+ 


X 


-(1— cos ^)+ 
by (2). 


^*dz+^ 

CO o 


Asamning that I, the radius of curvature at the top is very 
large, the last term of the above eguatioa is very small aad may 
therefore be ueglected. 

Let the distance x of any point of the free surface from the 
be denoted by (r+a) where r is the radius of the base. 
We have then 

"a 


jz-k ') ={1— C 08 ^)+ 
2a* 


Sin <t> 


u+r 


■dz 


If 1 * be large compared with a*, we have to the first 
approxinudion, 

=(1— coe ^)=2 Sin 
Is* 5! 

4 

or, »— 


8in ♦ 

iH-r 




«+r 


in the intogral 


2 


2a Kn ^Gofi*^ 

2 2 d # 
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iaC 1 
3 J M-f-f 


d (cos 1) 


la 


1— cos 


-cos®_0 

2 

3 «+r ^3 (ti-l-r)® 


2 1 4a 






Neglecting the last term as very small compared with the 
first, we have 


{z-}i'y=ia* Sin* 1+ 

0 

orz-A'=2aSin i | 2a» ^ 

^ 3 (w+r) Sin^ 


4> 

1— cos® g- 
(u+r) 


Now if i be the acute angle made by the surface of the drop 
with the horizontal plane, we ha ye at any point of the 

1^, where e=A (say) and u—o. 


h-^h' 


2a cos \ — H 


2a® 


3r 


1-Sin®t72 

cos fj2 


or A = 2a cos- 


2a® , 2a® 
6 3r 


1— Sin®i' '2 . 

oosi 


This gives the height of the drop. 

Ex 5. Prove that the formula 

, 2a® , |4a®cos* t , 8a® (1— Sin® L\ i\ 

^ }+V 2'+^ V r i’ 

givesr a b^teS^ app^axhiKiticjn than 'the formula given in 
^'ppeeeffiig exampla ' 

• Ex. ‘6. Slow th^ the radim of oorvjrtore ‘A’- at the top of 
Insar&ee is given by 
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L 

4 


=2V2 


a — * e 


4 Sin* 


where r is the radius of the section at the base. 


fix 7. A drop of mercury rests in the form of a surface of 
revolution on a horizontal pla- e. Show that if r be the radiaa 
of the base and R the greatest radius of any horizontal secticm 


R=r-}-^ — 


a* 

6(r+^) 


TT 


2 c 08 


2~3logtan-|) 


+■ 


6 


( 


1 


2ccffl® '^■—i 
4 


|-4 cos^ — Slog ^^an — 


where R — r and t is the angle between the tangent at 

the top to the meridian curve and the horizontal. 

Ex. 8. A drop of a liquid whose volume is v rests iu the 
form of a surface of revolution, show that radius r of the sectioa 
of the horizontal plane on which it rests is the positive root of 
tile quadratic equation 


1— Sin® £ 
2 


* \ 

^)ar- 


= 0 


2'^a CIob£ 
2 


6.9. ^tse of liquid i^r a plane plunged vertically in it. 

Let us t^e z-axis to be such as to be perpendicular to the 
plaae, «— axn hdmg vertical and lying in the plane. If the 
plane 1^ so large ^at we can neglect what is happening at ita 
extremifib^ tim free smfaee of the liquid assumes the fcum of 
acylimier whose genan^ois are parallel to y-axia. Hence the 
®o<wdiiiate a of any pointed tl^ free sur&ce is independent of g. 
oquatiem (l) of § 6. 7 fer thefr^ Sfarfoce becomes 



or iategrating 


=C— (*— A)* 

[l+(^) 1^ 2a* 

If we couat a from the natural leval of the liquid, the plane 
meets the free surface asymptotically and the radius of 

curvature is infinite. Hence for 2 = 0 , ^ so fW 

’ </<ra filx ~ 


/i=o and C= 1. 

we, therefore, have 


+ ^ = — 2*) 

dz z —z^ 


( 1 ) 


or, + a:=^ 4 a* -a log ^ const ... ( 2 ) 

z 

Let 0 be the angle of capillarity, then 8 is the angle made 
by the normal at P to the free surface with aj—axis. If the 

liquil rises to a height h against the plane, then 0 P=ifc so 
that 
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__ ^ V4a® — 

2a*— 


by (1) 


ot,sin 9 ={ 1 — ) 

or, h=^ =-^asin / ^ ^ . 

^4 2^' 

+ or — sign being taken according as the liquid rises or is 
deprMsed. 

If the liquid wets the plane, 6 = o so that the height to 
which it rises is 

Ex. 1. If a plane is inclined at an angle i to the horizontalj 
the height to which the liquid rises is 

2 a $in ( - ) 

where g^a* is the surface tension. 

Ex. 2. Two parallel planes are plunged vertically In a liquid, 
the angle of capillarity of both the planes being 0. If thedista-ice 
between the planes be very small, show that the height of the 
liquid which rises against any ptane is approximately 

rfi I / • .* ^ i ^ \ I 

— — C 06 <p + { — stn 9 cos P - — P ) — 

I 2 4 cus^P 

where lis the distance between the planes and gPu* is the surface 
tenfdon. 

Ex. 3. A capillary tube of narrow bore and circular cross 
BcCtitm is plunged in a liquid. If the angle of capillarity P is 
acute and the radnsi ci the tube r, shew that the free surface of 
the KquW in the tube is the surface obtained by the revolution 
of the curve 
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aboat the a-axis, which is the vertical through the centre of a 
circular section. Here 


. -J: C-. 1 sin^ 4> , ^ 

cos<P 3a^ cos^<(> ^) > 

IB surface tension of the liquid. 

Let us take the origin in the plane of the level surface. 

H ® be the distance of any point on the surface from the 
j— axis, we have 


d^z 


+ [!+( ^)*1 


X dx 






( 1 ) 


Multiplying both sides of (l) by a; and then integrating 
with respect to x we have 


^ dz 

dx 


V 1 + ^ dz ^2 
dx 



xz dx 


( 2 ) 


If >r IS very small, we may suppose that the surface of the 
meniscus differs only slightly from the portion of a sphere. 

The meridian cmve of the surface will, therefore, be a circle 
whose equation is 


3— Z— V c^— a;*j 

Ismd c being constants. Let us set 

3=Z— V c®— a;^ 4- w, 

tt is a small function of x. We have th^ 

^ — a; idu 
dx dx 


- * 
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we hatre then 




c aiVc'* — a?du\ 

(+1 




X- 


dx 


(+Q=) 


_ x^ _^ x- 4 <? — a !° du ^^_ xd<? — se^ du ^ 
{ c c dx ^ dx' 


=®" (e^-^)f ^ 

c c® 6?a; 


1 f® 

“Jo 


Ako-« I xzdm^ 


a!®Z_|_ (e®— g*)^— c 


2a 


3a® 


neglecting ~a^ rfg. 

Equation (2) then leads to 

du _ c®/ d 1 \ ^ 3 1 

V cj_2 f -i —0\^ ' ^ 


1 


dx '2a® (c® — X®) 3a 2 ^ 3^2 a:(c®— a®/" 

cZ _c= 1 , 


tt = C® { 


2a® 8a® 


- 1 ) 


Vc® — aj* 


3(j2 log (c+Vc®— a® / 
+const 


(3) 


Since w must not be large when x differs slightly from c, the 
first term must ranisL 


. 2a® _L 2 

€ 6 

iJso for z is zero, so that Z— c+ao*o 

Theequatioa of iJmi surface loeoigQBie. is 


( 4 ) 
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SS=C— Vc""— «=*+ 3 - 2 ^ log 


0 + Vc® — as*' 


3a2 2 c 

If the angle of capillarity <t> is acute 


cot 0 


— -^^’for x=r 


dx 


or cot <t>=z 


=r' 


( 1 - 


3a ■ 


or 


c+Vc* 

’’ 1 Sin ■ 

cos 3a® cos ■ l-riSin^^ 


■ a;-^ 


(appox) 


6.9. Surface Tension— We have already seen in § 6.2 
th^ Thomas Young compared the free surface of a liquid to 
that of a membrane eqally stretched in all directions and 
(Stained the differential equation of the free surface of a liquid 
on this hypothesis. Laplace’s objection to this mode of treat- 
ment of the theory of capillarity has already been noted. We 
shall here indicate how the hypothesis of a uniform surface 
tension leads to the same results as already obtained. 

Let assume that the free surface of the liquid is in a 
state of uniform surface tension T, so that the tension on the 
sorface across any short length ^s in the surface is T Ssat 
right angles to the line Ss. 

Consider now a portion of the free smface ABOD of a 
Kquid at rest under the action of gravity. 

Let PQ, PS be elements of arcs of 
two principal sections of the surface at P. 

Ikair the two principal sections OR and SR 
at tl» points Q and S. We thus obtain a 
ffliall area PQRS of the free surface. Con- 
ffldsr an element of the surface bounded by 
PQRS and .of infinitely small thickness £. 

B is in equilibrium under the action of 




( 210 ) 

surface tensions acting across the contour, the weight, and the 
liquid premre acting normally on the element. (We neglect 
atmcspheric pressure at the top). We resolve all the forc^ 
along the normal PO' . If the pressure at P', a point imme. 
diately below P mp, the total hydrostatical thrust acting on the 
element isp (PQ) (PS)=p(is is', along C'P. The weight of the 
element is ds is S, acting vertically downwards. If the 
angle between the normal and the vertical is a, the component 
of weight along PC' is 

g9 ds ds'^ cos a. 

If T is the tension per unit of length across PS, the whole 
tenmon across PS, (which acts at its middle point perpendicularly 
to PS) is T (PS)=Tis'' Its component along the normal PC' 
is therefore 


Tii'cosQPCj Ti6' cos 

I iu 2 


=T&' Sin — ^ 
z 


=Tis' 


ds 

2Ri 


The tension acix^s QR also gives a component of the same 
magnitude; hence the sum of these two components is 

Ri 

Similarly the sum of the normal components of the tensions 
acting on the sides PQ ar-d SR is 

1^2 


Hence &e iMxmal oranponent of the tensions acting across 
the wlM>Ie (xnototm IMJES k 

it, 

For eqn^ibriuBi, th^e&re , . 
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j5£i«is'=lT(A-f A) _j_e^p cos a] dai^ 

Since e is infinitely small compared with the other terms 
of the equation, this leads to 


(ir+E)- 


Now for a liquid at rest under gravity we have <fp=!^P(fz. 
This equation will hold through-out the liquid until a 
distance e from the free surfacSa Hence we can use it to 
determine pressure p at the point P', which is taken to be at a 
distance S from the tree surface. 


B.encep=gP (z— A), h being a constant. 
We, therefore, have 


Comparing this equation with that obtained in ^ 6* 7, we 

T> 

see that the “constant of capillary forces"-^ is identical with the 

B 

Surface tension T of the liquid. That is why the constant — 

was called the surface tension of the liquid. 

Ex, 1. Show that the equation of a liquid film enclosing a 
mass of air at pressure p is given by 



where T is the tension of the liquid film and TT is the external 
I^essure of the atmosphere. 

Ex. 2. A plane plate is partly immersed in a liquid of 
tealty" P and surface tensba t. The angle of capffiari^ fijr the 
Bpid and the substance is ^ Snd the plate » m^ined apj^e 
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a to the horizontal. Prove that the difference of the liquid on the 
two sides of the plate above the undisturbed surface level is 


. ( t 1 i ^-2^ 

M^r “ * 

cos - 

'n-~2(Z 

4 • 

. a — 

We know that hj^—2a stn ^ 



. — 
h 2 =^ 2 a sin 

-a — P 
2 

- 

Ai — 2[cos 

-2^ 

IT — 2a 

4 

CC/o . 

4 

It — 2^ 

=4 a cos ; 

4 

TT — 2a 

COS 

4 


where t=gP 


a , or a- 


( - ) 


1 

% 


Ex. 2. A volume i c® of gravitating liquid and of density 
P is surrounded by an atmosphere of pressure TT and contains a 
concentric cavity filled with air, whose volume at this atmosphe- 
ric pressure is f TT a®. The surface tension of the liquid is t; 
prove that the radius a of the cavity in the configuration ef 
equilibrium is given by 



e®+ai’ 


} 


Ex. 3. K two soap bubbles of radii r and r' are blown, from 
the same liquid and if they coalesce into a single bubble of 
radius B, |a?ove that if IT be the atmospheric pressure, tension is 

TT E»— 

2 


Ex. 4. A sphesical. Imiloon of radius r is made of a material 
wMch can sintain a TnaTimTnn tmisile stress of amount T 
[ih^meesX It eontainB a quanll^ of gas c£ density o at ifes , 
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pr^ure IT of the atmosphere oa the surface of earth. The 
Ijalloon rises vertically against gravity supposed constant, prove 
that it will burst when its velocity is given by 


2 gcr g 


h T® N 

log X~\\ 


where P. 

(Higher 1 G.S, 1934) 

We have dig ~~g^ dz, for any point of the atmosphere at 
height 2 . 

But p — h 9 
p k 

9 g — 9 

or, jp = TT e ^ and 9 = ^ ^ 

Now at any height z, the buoyancy of the fluid on the 
balloon is pPV, the weight of the baUon being appraximately 
g cY, so that equation of motion of the balloon is 


dv / P 


dz 


= (--!)= k 


9 ^ 

^ 7 

7 ® « 1 

ka —1 


„ ijzik , 

Since v=o, when 2 = 0 , 

TT 


9<f 


+0 


_91. 

or, = — e *) 

g<x 

Now the balloon bursts when 
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IX 

r 


=TT — 


TT— Tie * 




u 

gar 


+ ^-log (1 — 

■ i/ 


LL 

nr 


). 


Ex. 6. A circular cylinder is made to rest on a liquid with 
its g-fift fixed horizontally at a height h above the level surface 
of the liquid. If a be the angle of capillarity and 26 the angle 
subtended at the axis by the arc of the cross section in contact 
vrith theliquid, prove that the surface of the liquid near the cylinder 
is a cylinder whose right section is the curve whose parametric 
equation is 



Also shew that 

(c cos 9-hY =4T )• 


6. 11. Liquid Films: K we dip a frame work formed by 
rigid vnxeB in a liquid e.g. a solution of soap and water and 
then draw it out slowly we obtain a system of infinitely thin 
films of the liquid which are bounded by the wires. We proceed 
to find the surface of equilibrium of these filma We have 
already - proved in § 6. 6 that the force function, TJ, of a system 
oon^ing rf a liquid resting in contact with solids is 

-j/yy (>« + A-| »+(E- 1') X, 

where a is the ar«k of the free surface of the liquid and X the 
azoa c^the liquid in oontac* widi the solid. 
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Iq the particular case of infinitesimally thin liquid films, 
we may neglect that last term as the area X of the surface of 
contact of the liquid and solids is proportional to the thickness 
of the film, which is assumed to be exceedingly thin. The first 
term is also negligible iu comparison with the third because it is 
also proportional to the thickness of the film, provided, of course, 

?-which is the surface tension of the liquid film, is not itself 

very small. The second term, which is a constant may also be 
ignored as the addition of a constant to the force function of a 
system makes no difference in the equations of equilibrium of 
the system derived from it. 

We thus take the force function U in this particular instance 
to he 

The condition of stable equilibrium is that U or — ^ o be 

a TnaTimum. That is, the area o of the free surface must be a 
Tm'mTTmm- In the case of a single film, the free surface o is 
composed of two faces of the film, whose surfaces are sensibly 
identical as the thickness of the film is very small Hence in 
order that the equilibrium of a film be stable, it is necessary and 

sufficient that area-^ of one of the two faces be a minimum. 

This conclusion is easily verified by means of a simple 
experiment due to Van der Mensbrugghe. Take a circular wire 
of copper and suspend it by means of three strings. Dip the 
wire in soap solution and withdraw it gently from the liquid 
by means of strings. A thin film is thus obtained. Form 
a loop of a piece of thread and moisten it with soap solntion. 
Hace it gently on the film. The thread can assume 
jmy form whatever. Now perforate the tiiin film ina^e ffie 
loop by means of a pin. It will be found that fte foop df the 
&read is instantly drawn out into a mrdle e by the oonirat^sug * 
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film. Of the closed cur ires having a given perimeter circle has 
the maximum area. The area comprised between the circum- 
ference of the circle c and the metallic wire is thus least when 
the liquid is in equilibrium. 

6. 12. Liquid Films {iAnimal Surfaces). 

Let A M B be one of the faces of a liquid film and 
AjMiBi a parallel surface infinitely close to it. If A MB is a 
surface of minimum area, the areas A MB and A-MiB^must 
differ by infinitesimals of the second order. Let us draw normals 
to this surface at every point of the contour of AB. These 
enormals intersect the suiface A^M^Bj in a curve L', which 
encloses an area a'. Let a" be the annular area between the 
contours AjBi and A'B'. (See § 6. 6) we then have 


Also Sv=ai—o=(j*-\-<j " — ff 
=cr"4-(or' — a) 



S n d6. 


by equation (6) of § 6.6. 

The condition of equilibrium is therefore, 


JJ'b. 


) fifS- j (S'?* cot9 ds = o. 

Jl 


^ Snce this condition must be satisfied for any value of Sn 
arbifcfway we mast have 


i 1 - 


and {»tts=n. 

two piin^ai rwiii of carvatures of the surfaw 
be equal aiui ai oppomte agns. Such sarfaeee a®S 
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called minimal surfaces The second equation expresses th© 

^ TV . 

fact that the angle of capillarity is “ Since the direction of the 

taugen plane to the wire with which the film is in contact is 
arbitrary, this is the same thing as saying that the surface of 
the film passes through the contour of the wiie. 

The problem of determiuing the surface of a liquid film is 
the same as that of fin ding a surfiice of minimum area passing 
through a given contour. 

Ex. 1. Prove that the differ ntial of a minimal 

surface is 



- 2 -' 


3^ 1^1.4- f 
dzdy dxdy j 




) 3 ^ 
[ 


Ex. 2. Prove that a helicoide is a possible surface of equili- 
brium for a liquid film. 

3. Prove that the sui face of equilibrium of a liquid film 
supported by the circumferences of two circles whose planes 
are perpendicular to their line of centres is a ostenoid formed by 
the revolution of a catenary about the line of centres 

Ex. 4. Show that a surface hose mean curvature is zero 
every where is a surface of enuilibrium for liquid films. Prove 
also that the equilibrium is stable (Schwarz) 

6 13. Euqilihnum of a drcf (f oil. 

Let us consider the equilibrium of a drop of olive oil trapped 
between two wires of any shape or two circular discs) and 
inserted in a mixture of water and alcohol of the sam© deiiMty 
S8 itself 

Is order to find the ocndition of ttqiilibrium it is si|®e&nt 
the condition that the force fimcikiH of the system 
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formed bj the oil and liquid is either a maximum qt a minimum. 
Now the forces that act on the system are the weight and the 

capillary forces of the molecules The centre of gravity of the 

liquid and oil does not change whatever may be the displace- 
ment of the oil drop since the surrounding liquid is of the same 
density. Hence the work done by weight in any virtual dis- 
placement is zero It is therefore not necessary to take into 
account the external force of gravity. 

The capillary actions are of several kinds. They are 
attractioxis. 

(1) of wires on the oil, 

(2) of oil on itself 

iZ) of the mixture on itself, 

(4) of the mixture on oil, 

(5) of the mixture on the wires 

We neglect the attractions of the material of the containing 
rase on the liquids which it contains because they do not figure 
in the variaticm of the force function when oil drop is slightly 
displaceed, provided that the oil drop is always at a great comp- 
ared with 8), distance from the walls ol the vase." 

Let m doaote by 

^ surface of contact of the oil and the mixture, 

X =tlm surface of contact of the oil and its solid supports, 

V*=the total surface of the solid supports, 

B*x=tfie fuiu^on relative to the mutual attractions of the 
moiecoles of the oil 

• E, -=the fimctbn relative to the attractions of the molemiles 
of the oil and the aohd snpports 

Hi', Sf, ' coaxesponding fiandaons fia- tiie ntixture and 

fanction rrfative to the attractions of tlw and the Haytest 
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We liave for tlie force function reiulting from the capillary 
actions enxunorated above, 

(l)EiV, 


( 3 )— 


(4) E, <» 

( 6 ) 

neglecting constant quantities. 


Hence the total force function for the system is, (except 
ir a constant), 


(E/ x+( -A_) „+ 


Now since the framework of wires is solid, the surface X 
remains constant. We may therefore take 


iE, 


A' 

2 

as our force function. 




+^-E.0x., 


For equilibrium, therefore, 

^a+(E.— | l4-^_E/) JX^=<,. 


Compariug this with equation (1) of § 6. 6 giving the 
omdition of equilibrium of a liquid in contact with solid walls 
we see that they are of the same form. They only differ by the 
vriues of the coefficients of and S\j. and by the dis£q»pearaiice 
of the term relating to weight. Following the same reseonin^ 
as tbiere, it is easily seen that this ccm^tlem of equiHfennfitt leads 
iilwoecmdiiaons viz. 
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= const, and 


const. 

Hence the mean cnrTature of the surface of separation of 
the oil drop and the mixture must be a constant and the surface 
must cut the solid supports at a constant angle. 

6. 14. If the surface of equilibrium of the drop is a surface 
of revolution the meridian curve is the path of the focus of a 
conic rolling on a straight line. If the t-wo Tvires holding the 
drop of oil be circles whose planes are perpendicular to the 
line joining their centres, the surface of the oil drop is evidently 
a sur&ce of revolution, the line of centres being the axis of 
revoluft)n. 


Let F be any point on the meridian curve and let xy he 
the axis of revolution. Draw Fc the normal at F intersecting 
ay in I. Than it is well known that the principal radii of cur- 



vature at P are timradns of cforvature of the meridian crurve, 
*ld |fl, ^ftfaean cnrvatare of the rsurilace must hap««wi- 

III tffder that the drop he ih BqndSnrrdm 



3s const. 


1 

FI 


1 

FG 


We proceed to show now that this condition is sat^fied 
in the case of a curve generated by the focus a of conic rolling 
along a straight line. Consider an ellipse whose focii are F,F.' 
The point of contact I is the instantaneous centre of rotation, 
therefore, we have 


Velocity of F _ I F . 

VeRcity of F^ "YT, 

Let G be the image of F^ in the given straight line xy, on 
which the ellipse rolls. This point will have the same velocity 
aa Fj. 


r 



Also by a known property of the ellipse G will lie on F I, 
80 that I Fi =I G. 


TT velocity of F _ IF 
velocity of G IG 


a) 


Through a point F' infinitely close to F on the locus of this 
point, draw a normal to this curve. Let this normal meet FI in 0 
then this is the centre of curvature of the curve, for FIG is also 
ntonal to the curve. 


Now FG=FI + IG=FI+IFi 

= major axis of the ellipse = const 

'Hence the locus of G is a curve •'parallel to that of F. 
(3cfflii^uently the two ihfiuitely small trianglM FOF' and GCK5' 
arte similar, ’ * 
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. FF ^ OF 
' • GO' CG 

Velocity of F _CF 
Velocity of Q CG 

= § by(i) 

Hence tte four points F, I, G and 0 form a harmonic range, 
so that 


j|- const. 

Hence the condition that must hold in the case of the 
meridian curve of the surface of equilibrium is satisfied by the 
locus of F. This curve is known as Onduloide. Similarly it 
can be shown that the locus of the focus of a hyperbola rolling 
on a straight line has the same property. This curve is known 
as nadoide. In the case of a parabola, the locus of the focus is 
such that 

1 -L 1 - 

0 + FO “"• 

Such a -curve is a catenary, with the straight line on 
the parabola rolls as its directrix. 

Ex. 1. A drop of oil rests in a liquid of the same densiry 
as itsell without being in contact with any solid supports. Prove 
that the surface of equilibrium is a sphere. 

|Hinl ; 'K='k^=o, so that the condition of equilibrim reduces 

to Jflr=0.3 

% 

Ex. 2. If tha in the above example is made to rotate 
about an Bxm padseing through ite ceatrer with velocity prove 
that of tibe drop is a snrfa^ of revolution whc^ 

nitodia^ carve is 



wteec = + a ~ a = t w xi. 

4 2 y' ^ j T being the surface 

tenflon and ^,X arbitrary constants. 


“<5 « neightonrmg sorfa® 

toned bj an mflniteaimal deformation of a. Tbe4kd^ 

iy eapdlary foroas in a virtnal displacement is, as we have seen 


^ l^+ ^ — E.) »■' 


= — T «-(r, 


where T is the surface tension. 

Again, the rotation of the drop sets np oentrifrsgal forces 
whose work in any virtual displacement is 

^s:o)*r( nZi Sr ) = ^ to^ 

where I is the moment of inertia of the drop about the axis of 

rotation. 

Hence for equilibrium 


or, 


S(r 


CO* 

''2T 


SI = a SI 


On account of the deformation of (X to an element ah = dS 
cf fins surface, there corresponds an element a'h' = diS' of the 
Sffi&ce obtained by drawing normals along the contour ah to a. 
Iba variation of <r is 

# 

=y'y‘«w(4- 

I'. 
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The variation of I is the sum of the moments of inertia of 
the elements of volume such as ah a'h'. If r be the distance of 
the centre of gravitj of this element from the axis of rotation 
•we have 

n=ff Sn dS. 

« * 

The condition of equilibrium is 

J'J'SndSi^ +-W — Cr») = o 
sxi Jtwa i 

for every Sn such that 

J'J'Sn d 8 = o, 

which expresses the fact that volume of the drop does not change. 
This is satisfied if 

^ +-^ — ' r*= tms# = P 

rli xtj 


K this surface is a surface of revolution, the principal radii 
of curvature are MC, the radius of curvature of the meridian 
curve, and MN. Hence 


Bt=MC = ^ ,R,=MN= 
as 


r 

eos 1 > 


... P + =a r-+? 

as r 


This givM for the equation of meridian curve 
di , cos I A 

hiimg the axis of revolution as x— axis 
«*n# ds 

— f mn # + 00*4 dp — {ay* + ^y) dy 

or, y o(*f # — ? ^ ri- 1 S* 4. 
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X being an arbitrary constant. 

^ o 

or, C03 - 

y 

C 


or, 


as = 



Ex. 3. A drop of liquid under no forces except uniform 
external pressure and surface tension rotates as a rigid body 

3 1 

about an axis. Shew that on the surface (-5 — k" ) cons- 
tant, Ri, R, being the principal radii of curvature of the surfaca 

6. 15. Closed liquid films. Soap Bubble. 

If we dip a network of wires in a liquid we obtain in 
certain cases a system of liquid films, which form a closed surface 
enclosing a mass of air. We shall now show that the surfaces 
of the equilibrium of these films are the same as the surfaces of 
equilibrium of a drop of oil placed in a mixture of water and 
alcohol of the same density. 

Consider the system formed by these films and the mass of 
air enclosed within. Imagine a virtual displacement of the 
system from its equilibrium position 

The virtual work due to the weight of the system may be 
neglected, because the mass of the enclosed air and the ma^ of 
the liquid forming the films are very small. 

Let o be the total area of the faces of the films in rontact 
with external air. The area of the fac^s in contact with inWmal 
air is also sensibly <Xt as the two faces of any film being very 
aear mdi other can regarded as pm^alleL The virtiml work 
of the capillary forc^ on a^xKMnt of a variation of this 
mmk 



2(-.| Sc ) 


( 226 ) 


Bi, being tbe function relative to the action of the molecule of 
the liquid on them^lves. If at the same time the area of contact 
of the liquid and the framework varies, we shall have to considOT 
the virtual work of the capillary forces resulting from this 
variation- But this surface being proportional to the thickness 
of the films is very small and may therefore be neglected. We, 
therefore, have only — Sc as the virtual work of capillary 
forces due to the displacement considered 

To this we must add the virtual work of the pressures. If 
p be the prepare of the air within and TT that of the air without, 
the virtual works of the pressures due to a disolacement of an 
elementary area dS sxepSndS and — T\Sn d6 respectively. 

The condition of equilibrium of the system is 
Bi + J'y'i.i.p — ) Sn dS=o. 

But we have already seen that 

^ W "^'^ 2 ^ cot <f> ds. 

— Bj dS — Bj J'j^Sncot<l>sds=o. 

Since this is satisfied whatever the deformation we must 

have 


oot#=o,or#=- 


-Ik 

The preswDras p and r bdmg naifonn, (since the w^ht d 
the sir has boMi the first ocmdi^n shows that the 

oieMi cariatnr© e£ the aorfiiee iscooi^Mit. This » one o# a» 
conditions oi equiKhriaia of a drop d of the ^me denafly 
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ga the mixture in which it is inserted. 


The condition 0= 


•ji 


appears more restrictive than the analogous condition of 0 = 
constant found for the drop. But in reality both the conditions are 
iientical in as much as both express the fact that the surface 
flf&e films or of the drop must pass through the wires of the 
&ame work. 


In particular if we form a soap bubble passing through the 
mntours of two parallel wires of the same radius we must 
d)tain for figures of equilibrium, onduloide, or a right circular 
cylinder, or a nodoide, or a catenoide, This has been actually 
(iserved by Plateau. 

Ex. 1. Two soap bubbles of radii R and R/ intersect one 
another in a circle through which passes a thin soap film. 
If the film forms part of a sphere whose radius is R", prove 
that 

1 1 _ 1 

R’ R R" 


Ex. 2. Two circular rings with a common axis at right 
angles to their planes support a closed liquid film containing air 
at a greater pressure than the external air; shew that the ends of 

T 

the film are spheres of radius a=2*-^,and that the surface 

between the rings is a surface of revolution of which the me- 
liiian curve has an intrinsic equation 

r,- j. a i b 

csm 0= -j — , 

a X 

where ^ is the inclination of the normal to the axis and x 
k the distance from the line of centres of the rings. 

Ex. 3. A liquid film of total surface tension T is supported 
ly two equal parallel cireulaf oiF iwdiM their 

at a distance h apart on a line psrpendical® to their 
The film is in the fi%m of a cylinifif. Sf * pi^ hole is 
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niade in one of the discs so that the air slowly escapes, shew 
that a total quantity 

will escape, where Po and TT are atmospheric density and 
pressure and c is given by cosh 

Let the initial pressure 
inside the cylinder be p, so 
that 

p-“TT=-^ (1) 

The mafe ofthe air in 
the cylinder is r* (h) P, 

P being the density of air 
inade the cylinder. Since 

* therefore mass of air 

n 

Now if a bole be made in one of the discs, air will escape 
till the pr^Bures inmde and outside are equal and the liquid 
film then aasumea the form of a catenoid, that is the sur&ce of 
revolution formed by revolving a catenary abont its directrix, 
whidi in this case will ccancdde with the line of centres of the 

If be the volume endosed in the liquid film, the 
mwnoftibe air remaining is densify of air bdng now 
the same w that d atmo^bere. 

Tim massed mr eseaplngm 

» r*i 
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orby(l) 

^r=“PoA(l+-:^)— Po®o (2) 

TTr 

We have now to calculate the volume Vg of the STirface of 
r volution of the catenary 

u=c cosh— 

^ c 

about its directrix, which is the line of centres of the disc. 
Since the point B r) lies on the catenary, 

Jd 

r=e cosh ^ 


or, cosh 


A 

2c 



whoh gives 



Hence by (2) we have the required result. 

Ex. 4 A wire in the form of acircle of radius a iaplaoed in the 
sarfaceofsoapywater and raised gently, so as to draw it afilm. 

ttove that neglecting its weight, the meridian set^n of foe 
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film is a catenary. Also prove that the parameter of the meridian 
catemary, when the area of the film is equal to a= is where 
% is given by 

cosh 4 ' +-2(2^ -“)~=2 

6,16. Eqidlihnim 0 / a drop resting on liquid of great.. r 
density . — 

Let ABCD be the drop. Lei cr be its free surface ABO and 
a' the surface ADC in contact with the denser liquid on wh;cli 
it rests. Let a' be the free surface of the liquid itself. Let 

^ be the surface tensions of these surfaces. The work 
2 2 2 

done bv capillary forces in a virtual displacement of the drop is 
2 2 2 



Let P be the density of the liquid and Pi that of the drop, 
L«t V, Vi be the respective volumes of these liquids and Z, Zi 
the distances of their centres of gravity from the xog 
plane; we have for the virtual work of the weights of the 
liquids — (^P V S Z + ^P^ V^Z ), 2 — axis being supposed to 
bedirected upwards. 

The condition of equilibrium is, therefore 

-jr (PV5Z+P,V, -1- Sa — |' So'— 

Tie eqmrtions erf amstriint are SY =0 and ^V^=», 

Moe A® vohtmaee erf the do not ehanga 
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In order to transform these equations, let S , S! / S " le 
the new positions of a, a,' a". 

If at each point of the 
ojiginal surfaces we draw 
normals to these surfaces the 
lengths iTn of these normals 
between these 

surfaces and those which result from their deformarions will 
determine the latter surfaces. Let tiS be the area of an element 

of er, we have then 

^ )d5+J*5'n dscof ^ 

ds being an element of the curve of contact and ^ the angle 
between the line CF, joining the two positions of a point of this 
curve with the tangent at F to the deformed surface. Now in 
the triangle CHF, where GH is normal to a, the angle at H is 
sensibly a right angle. We, therefore, have 

GH = GF sin HFG 
Sn^Sn' sin <t>. 

Sn' being the normal distance between ff''and S ", 

'5‘o'= SS ^ Hr ^ ds cos 0 

Ja j SX2 

Similarly we shall find 

S</=J'J'Sn{ -4"/ H— ) dS-f-y ds cos 0' 

Ki Kg 

Sni^ + dS"-\- f ds cos¥' 

For calculating 5“ V i we remark that if the surface <r alone 
» d^ormed, we have for the variatibai of volflEme 
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But since the snrfaee a' is also deformed we have 
SYj^J'J'Sn c?S —J'J' dS' 

Similarly 

iY M.J'J'Sn tfS' + J'y'fn dS". 

The volumes being constant 

Vi Zi)=y’y'^n zdS — J'/'Sm dS' 

V SZ= S (VZ)-y’y'^n zdB' —J’J'Sn zd&\ 

The last members of these equations express the fact that 
the variation of the moment of the liquid with respect to xo j 
plane is equal to the sum of the moments of the weight of their 
elements with req)ect to the same plane. 

The equation of equilibrium becomes 
d^lffPi z + f 

— J" dS'[^Pz~ffPiz + ^ ( 4-gf. )] 

^ ^ ^ ^ cos^>' cos<t>") =0 (1) 

The equations of constraint are 

J'J'Sn dS'-y'J'Sn dS' =0 

J'J'Sn dS' + /'J'Sn dS"=o - 

Equation (1) must be satisfied for any Sn satisfying equations 
(2K ^J^yeae are satisfied by taking 

J’J'in dS= dS^ ^J'J'Sn dS"-=o (3) 

%noe(l) leads to 
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9 ( P—Pi ) + ^ ( )=®' — (4) 

gPz-{-~ (_+_)=«", 

and B coa 0 + B' cos 0' + B" cos <t>" = 0 , 
a^, a" being constants. 

In order that equilibrinm may be posible, equation (l) must 
bo satisfied whatever be the displacement provided that it is 
compatible with the constraints. It must, therefore, be satisfied 
even when the conditions (3) are not satisfied provided equations 
(2) are. 

But taking into account equations (4) we find that equation 
( 1 ) reduces to 

aff^n dS + a! J'J'Sn d& ■\-a"J'fSn £l5"=o 
or, (a+ct' — cl") dS—o, 

by means of the equation (2) of constraint. 

In order that this equation may be satisfied even when the 
integral dS is not zero, 

a+ a'-a''=o. 

This is the new condition that must be combined with 
equations (4;. 

The first three equations of (4) give the equations of the 
surfaces <r, c’, c" respectively. The fourth equation expresses 
tile fact that the sum of the projections of the tensions at the 
point 0 on the straight line CF is zero, since 0, 0', 0" are the 
angles this straight line makes with the tangents through F in 
the normal plane at this point to the curve of intersectiott As 
tile direction of GF w arbitrary, tMa atopliee that tbe three 
to^ns at C are in equilibrium. 
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6. 17. Pressure on. a solid oj revolviion immersed in a 
liquid. 

Let AaB be a solid of revolutioa whose axis ia AB, which 

we take as vertical. We propose 
to calculate the pressure on the solid 
when it is in equilibrium in a liquid 
of density P. To do so let us give 
to the solid a slight displacement 
E such that the iorm of the free 
surface Ma remains unaltered, so that 
this surface is simply prolonged so as 
to meet the solid in its new position 
A'a'B', Let us now write the sum 
of the virtual works of all forces. 

The virtual work of the capillary forces is, as we know 
already by §6.5 

^cr+'E— 

where Jff is the variation of the free surface of the liquid 
and the variation of the surface of contact of the solid and the 
liquid. Let r be the radius of the parallel section passing through 
the curve of contact 2 A We have then 

wlwe fit I is the coiginal petition of the point corresponding 
too' in the disidaml pemtion of the solid. 

Also 8 U 1 C©-| an^ E— | ) are related together by 
whwei m tim angle ^ (See Equation (10) of § a?) 
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T> 

.".Tc^-g (2'^r) (aa^ cos 6 — aa') 

Now the term (aaioosd—aa') is the projection of the contour 
o'aai on aa'. This is accordingly equal to the projection of the 
yertical a i a' on a a', Bnt a i a' = A A' = E . Hence this expression 
is equal to £ cos ^ where <t> is the angle between ffiO:' and aa' 
which is equal to the angle between the tangent plane at the 
point a to the free surface and the rertical. 

Hence Tc ='^Br E cos 0. 

Let us now evaluate the virtual work due to the weight. 
Since the solid is in equilibrium, its weight is equal and opposite 
to the pressure exercised by the liquid on it Denoting it by X, 
the virtual work of the weight due to the displacement considered 
must be 


Xe. 

We have now to compute the virtual work duo to the 
weight of the surrounding liquid. This is evidently equal to 
the variation of moment of the weight of the liquid wi-h respect 
to any horizontal plane e.g. the free surface of the liquid at a 
great distance from the solid. Assuming that the virtual dis- 
placement is such that the free surface ot the liquid remams 
unaltered so that it just extends to the solid in its new positiosi^ 
the variation of this moment is 

T.„= — Moment of eBB'+moment of ELe+moment of aa'EL 

= — Moment of LHeB'+moment ofEHeB+moment of aa'EL 

But moment of LHeB'-= moment of E'H''eB' + moment of 
LEHH', 

where EE' is the vertical drawn through E, the point of 
intersection ot the meridian curve of the solid and the horizontal 
>^ane. Now the volmne LE' HH' differs litth from that of a right 
cylinder of height H H'=E; it is theiefOTe sm infinile- 
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Bimal of the first order and its moment with respect to the hor- 
izontal plane ELH is therefore of second order. We can 
accordingly neglect its contribution. 

Tw= — (moment of E'HW — moment of EHeB) + moment 
of otflf'BL 

BatE'H'cB' is merely volume EHeB displaced verticallj 
through e, the difference of their moments is equal to the 
prodnct of the displacement e by the weight of any one of 
these volumes, 

— S^P Vcd EHeB+moment of aa'EL. 

It remams now to evaluate the moment of volume ffu^EL. 
The surface of the triangle aa'a'\ being an infinitesimal of 
second order, the volume generated by its revolution can be 
n^lected in comparison with that generated by the revolution 
of area oa'EL, so that we have 

moment of acrtEL=moment of aa"EL 

or, monmnt of aa'EL=moment of oEF— moment of a"LF, 
where F » the point of intersection of the vertical ao" with 
the horizontal EH. If we prolong this vertical length to FF' so 
that FF'=se we oUain a triangle a"E'F' generating a volume 
viwee moment differs from that of the volume a"LV by in- 
of 8e<v nd order, 

• • n^rnent of ococ'ELs=iiK)iaent to aEF — moment of 

^ volumes generated by aEF and a"E'F' being equal, 
the diferanoe between tiieir moments with respect of the aamfi 
horiaantd plane is ^lal to the prodnct of the weight of this 

vdumeand a quantity £ bj which the centre of gravity iua 
moved. 

• . iKraent 'of ^ 

A Tw*=— £|l> VfllKB#B+e^ PYot(aaa^^^i^ 
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Since the snin of the TariouB Yirtual works is zero, we have 

Tc4-Tw+Xe=^Bre cos ^Pe (Vol EHaB— Vol aEF) 

“}"Xe=o. 

or, X= — cos <t>-^-gP (Vol EHeB — Vol aEF), 

giving the vertical thrust of the liquid on the solid. 

If the surface of the liquid were plane, the vertical thuKt 
lias the value 

gP Vol EHeB, 

We see then that if <f> is acute, the capillary forces diminish 
the vertical thrust X acting on the solid. If the angle of capil- 
larity is obtuse, then so is angle 0 in general. Moreover it is 
easy to see that the term ^ Vol aEF must take the positive 
sign when the point a is below the horizontal plane. 

Hence the capillary forces sometime enhance the vertical 
pressure exerted on a solid and thus enable it to float even if its 
density is greater than that of the liquid. 

Ex. 1. Prove that in the case of a cylinder floating with 
its axis horizontal, the vertical pressure is given by 

— B Z cos <P+gP (Vol EHeB-2 Vol «EF). 

where I is the height of the cylinder. 

Ex. 2. Prove that conditions of equilibrium of a floating 
needle ara 

— B Sin {<t> — lO+i/P (c'^-pc^Sin 0 cos 2 Ac 8in^)=«> 

and B Sin“4 (0 — oos A)* 

where t is the angle of capillarity, tc is the Weight p«r 

l^igth of the needle, c its radius, A the height of ite centre 
;^ve the natural level of water and 2^ is the ai^e snl^oided 
I at tlm an^face bv the cixrve c£ contact. 
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Here the angle made between the tangent a T at o to the 
free surface of the liquid and the vertical through a is clearly 

(-^ )where < aOP=^ 

2 ! 



Hence by Ex I the vertical pressure on the needle is 

— BZ cos ( (Vol EPH— 2 VokEF) 

2 

=-<BZ Sin (♦-O+^P (Vol EPH— 2Vol oEF). 

Now VoL EPH=Z { 4c» (29)- i i (2c Sin 9) } 

-Z (c*9— cA Sin 9 ), where® = <EOP. 

« 

Volume aEF==Z { area aEF } 

=l I area of sector aOE — area of triangle OEN 

—area of triangle cFN } 

=Z ( ic‘ (8— ^)-4A (c Sin 9 -A tan a) 

— ^ (c COS0— A> (c Sin <f > — h tan <{>) } 

where N is the intersection of Oa with EH. 

.'.Vol EPH— 2VoiflEF"Bld c* a+c* Sin 0 c(m 0 — 2Ac Sin 0 } 

vertical pceiramre is, tharefcve, 

— Bl Sin ( 0 — t>f5*PcZ { C04-C Sin 0 ec« 0— '2A 8in0 } , 

and this mnal he eqoal to the wei^t < 3 S needle vis «L 
We hare, then, 

— BSin (0 — t)+^e 1 00 -I -6 ^b0 eoe 0^^A 0 1 


whicli is the first coadition to be proved. 

To obtain the second condition we refer to § 6. 9 from 
which we obtain the eqaation of the firee surface in the form 




= 1 - 


2a » 


where z is measured from the level surface and a® = . 

ig? 

If be the angle made by a tangent to the free surface 
with the horizontal, we have 

SO that the differential eqxHition of ^e surface leads to the relation 


(l—eos '!') »s4a® sin * ^ 


Now at the point a, z == (c cos<t>—h) and 'll = f — (J, 
(c ■oos<t>~ h)^ B 4 a® ^ ^ 



i~4> 

2 ' 


Ex. 3. A needle floats on water with its axis in the natural 
level of the surface; if « be the specific gravity of steel with 
respect to water, i the angle of capillarity, and 2ct the angle 
subtended at the axis by the arc of a cross section in contact 
with water, prove that 

/w_J_ * 

sin ^ ( <x — i )^cos a cos — ^ . 



CHAPTER VII 

The Figures of Equilibrium of a Mass of Rotating Liquid 

7. 1. We shall study in this chapter the shapes assumed 
by m^es of rotating liquids which are acted upon by no other 
forces save their own gravitation, confining ourselves to the 
simplest case in which matter is supposed to be homogeneous 
and incompressible. Even this simple case is complicated 
enough to have taxed the ingenuity of some of the greatest 
mathematidana 

7.2 Hiatcry of the ProMem-' 

Newton had seen that the law of gravitation must account 
for the figure of stars as well as their movements. He showed 
that the centrifugal force combined with its weight must make 
earth an ellipsoid of revolution flattened at the poles. He 
calculated the ellipticity of the earth assuming it to be of 
homogeneous density. Maupertuis studied the equilibrium of a 
plane figure turning round an axis normal to its plane, on taking 
acayout of a central attraction and a centrifugal force. But it 
was Madaurin who in 1742 applied to a homogeneous mass of 
EqiGkl in rotation the principle of Pascal regarding the equality 
of pressure even before the principles of hydrostatics were firmly 
eetahlidied. He showed fliat the ellipsoid of revolution is a 
pottiWe figure of equilibrium. Simpson in 174B studied the 
ooi^thms oi existence (rf th^ ellipsoids of Maclaurin He also 

daeoTBred an upper limit to on taking tc, the angular 

as a paranmti^. This expre^on, where P is the density 
»id \ the coolant of gravitdaon, must be less than *2247 ’ for 
dlipedkid equOfladum 

Olairai^ in his rranarkdjk book Figure de la Terre (1743) 
gain to ibeee refnito and demonstrations ilieir definite fium. 
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He further extended the calculations to the study of a heteroge- 
neous mass, as the earth and ]: lanets actually are. He gave 
formulae connecting the ellipticity and the weight with the 
density and centrifugal force in the case of a sufl&ciently slow- 
angular velocity. In I 776 Laplace remarked that a general 
solution of the problem was impossible and that only particular 
cases could be studied and purely empirca! solutions given. 

A little larter Legendre made known his fundamental method 
which permitted one to search directly the figures of equilibrium 
in the neighbourhood of a sphere. It is this method that is of 
primary importance in Mathematical Physics and to this 
is due most of the recent progress in this Problem, Poincare 
and Liapounoff have generalised this method of spherical 
harmonics and applied to ellipsoids by using Lame’s fimetions 
instead of spherical harmonics. 

For a long time it was believed that there were no other 
figures of equilibrium except the Maclaurin ellipsoids and the 
ring round a central body It was in 1834 that Jacobi showed 
that an ellipsoid with three unequal axes turning round the 
least axis is also a possible form of equilibrium. Liouville gave 
an analyiical proof of this. Otto Meyer gave a complete dis- 
cussion of the equations obtained in this case by taking ‘ec’ as the 
variable. 

In a celebrated paper which appeared in Acta ilathematiea, 
7, 1885, Poincare discussed the problem of figures of equilibrium 
in a more general manner. He pointed out that the possible 
figures of equilibrium form a linear series depending on a single 
parameter, such as the angulai velocity, and such that to each 
value of the parameter corresponds either one and (only), 
one or else a finite number of figures and that these figures 
vary in a continuous manner as the parameter is varied Among 
cabers who have specially worked at the problem be 

nwfitioned Liopounofif, Darwin, Lord Kelvin, Jeans, Appell, 
©toba-— Mikbailenko. 
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For a more detailed account of the latest researches on the 
subject the reader is referred to Chapter I of Paul Appell’s 
‘Traite Be Mecanique Rationnelle” tome quatri^e, from which the 
above historical account is taken. 

7, 3- Mass withoui rotation. 

We shall first take up the problem of determining the form 
equilibrium of a mass of liquid whose elements attract accor- 

to Newton’s law and are at rest. 

Let P (a constant) be the density of the liquid. Let S be 
the free surface, supposing the equilibrium to exist. Apply the 
Kjuations of equilibrium to the liquid mass. 

We hava then 


dp-=P (Xdx+Ydy+Zdz) 

A-dY j j_-^V , . 
=-F iy-rfzi- —dy-^ — dz) 
ax dy az 

=— PdV 


p=— PV+cons. 

On the free surface, S, we have p==o, hence at every point 
on S we must have 

PV=con8. 

That is S, the free surface, must be an equipotential surface. 

We arrive at the same rmilt even if the pressure at the 
ire© earfaoe fj&o) be not zera 

An evident fcmn of equilibrium is, therefore, a sphere; since 
sphere is also an equipotential Kirfac^ 

The sphere is a solution of the problem. But is this the 
Seb^ima? It fo prohalide; bat this oanmc^ be rigorously 
hrabed. To prove this it would be nectary to ^sf Aat tftto 
potoDdal of a homogeneous ma^ Ixamded by surfoee 8 & socfe 
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tot S itself is aja ecjuipotential surface then S must necessarily be 
a sphere. 

7 4. General Equations. 


Suppose a homogeneous mass of a liquid of density P rotates 
round Z axis with angular velocity w. The conditions of 
relative equilibrium are given by the equations 


0p_ 

Zx 


-P |^+aJ*Pa: 

Zx 


_p 




-hto'‘‘Py 


?Pz=—P ^ 

Zz Zz 

Here p is ■ the prepare at the point (x,y,z,) and V is the 
gravitational potential. Since P is a constant 

dp~ ~P dY+io'P(xix-{-ydy\ 

or, p — — PV+^w^PXa^+if*). 

The pressure must be zero (or constant) over the tree 
surface. Thus the necessary and sufficient condition that any 
configuration shall be a possible figure of equilibrium for a 
homogeneous liquid of density P rotating with angular velocity 
w is that 

Y—^to*(x*-\-y*) 

shall be constant over its surfece, V being the gravitational 
potential of the m^a 

‘7. 5. Let us now apply this result to the ellipeoidal confi- 
gnation given by 



( 1 ) 
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The necessary and sufficient condition that ellipsoid (i) 
shall be a figttra of equilibrium for a homogeneous mass rotating 
with angular velicity w is that 

V. — 

shall be constant over the boundary. 

Now, V, =’T'P abo 

where A=(a*4-X), B==(i* + X), C=(c^+X), A=(ABO/.^ 
Set 3=^\P abc ahc | 

Jo ^ jo AA 


Jig =•»>£? abc 


1 


o 

00 


—■ J.=^P abo 


f 


oo 


d\. 

CA 


Hence 

shall be constant over the surface (l ). 

It follows that 

a*( — iwJ*+JA'=6®(— ito*+JB)=c®(Jc) 
or 4'a*~i«)w»=o“JA-5% 

|a*w* “a* Ja--c*Jo 
Equation (2) can also be rewritten 


( 2 ) 

(20 

( 3 ) 




00 




2»xP oic 


/; 


\d\ 


A(a»+xX6*+X) 


)=0 (4) 


(n)if 


Tha eqoa&D is aa^^ed in two ways viz (i) if a == b, or 


OD 


2»xPa5c 


A(a* 


Xdx 


+X)(6*-f-X) 


( 5 ) 
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7. 6. Maclatirin’s Spheroids. Taking the first case viz. 
when a = b we see that an ellipsoid of revolntion is a possible 
form of equilibrium provided w is given by (3\ 

CO 

r ^ / a* _ c® \ 

2^\9a^G J oA ' a®+X X ^ 




XiX 


A(a®4-X) (c*+\) 


( 6 ) 


As the integral on the right hand side of this equality is 
necessarily positive, w is real only if a‘> c. 


Thus only an oblate spheroid is a possible form of equili- 
brium; a prolate spheroid is not a possible form of ^uilibrium. 

In order to evaluate the integral on the right hand side of 
(6, we write 


But 


03 


03 


W‘‘ 


2’rxPc 


^ f a®rfX f c^d.K 

J . (a®+X, A J o(c®+>^)A ^ ^ 


CO 


CD 


f a^dy. f a^d\ . 


00 


_ f 2a^dv, 

~Jc 

where a*— c® 


Now, 



1 / -^ , -1 c . 

~{~~tan - ) 

a 2 a 



Differentiating with respect to ‘a’ 
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becomes zero,- then begins to decrease for Z > 1/3 and tends to 
Hence =0 has one and only one root, >-^3. It 


will, therefore, be the same for ~ . Let ns designate by Z, this 
valne of I for which ^ and /(Z) are zero. It is given by 
, —1, 9+7Z» ; 

We find Z,= 2’53-^ and the corresponding valne A of iS 
mh„— ‘ 224 «. 


For Z < Zo we have ~ >0; the function k, therefore, 
dh 

increases; for Z > Zo, ~ Zo; A, therefore, decreases and is 
TrmnimnTn for Z ^Zo> 

Taking two axes Oh and 01 we represent the curves 

A=(8+Z) tan*^^ Z — Sz 
Z* 



■ndr-Zil) 

lie enrve h tondieB Of 0, its (^dinate increases till 
fe Z*Za=*i-53-. ; then it de<3r«tses a^ 

ifpoadtesCH sETmpiotieailj. 
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For a given value of A <. 224 there correspond two values 

yp. 

of Z. Hence as A for a given 20 there are two possible 

j 

ellipsoids of revolution, provided <• 224. 

If-. ^ - < '224, there are two spheroids of Maclaurin; 


if 


w 




- 224, there is only one spheroid of equilibrium; 


i f g - ^p < ‘224, there is no ellipsoid of revolution, which can be 
a figure of equilibriuna. 

Maclaurin ’s spheroids cannot be a form of equilibrium if the 
velocity of rotation becomes greater than (.448 

Remark (i) If the celestial bodies like the earth or planets 
are Maclaurin ’s spheroids, these must correpond to the lower 
root ofZ, assuming the ellipticity to be smalL For if Z> 2.53 
ellipticity 

E = -^=l h=> 1 

“ .d+P VI +4 ■ 


and e is known to be much smaller 
the earth and planets. 

Remark (ii). Ellipticity of the earth. 


than i in the case of 
We have 


to* _ f 2^ ? 

2^P 2iX60^ ‘ 



\org=. 


4vxPa* 

3a' 


^ 4v 2va 
“24». 6.'‘.3y 

_ 4X3-14X40,000,000 
24»X6/X3X981 


=. 00227 . 
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For tioB value of h, we solve the equation 


A=(3+Z®) tan I- , ;i 4 . T at- 1 
and take the lower root 

The corresponding ellipticity E is- - . This value certainly 

disagrees with the geodetic measurements. The ellipticity 

given by Eehnert in 3 901 is -^^and by Hayford in 1 909 is 

It is necMsary to conclude that if the earth is an ellipsoid of 
fe-w>luti£Mi and if it was fluid sometime it is not homogeneous. 

Eemark when ar tends to zero, one of the valuM of I 
tends to zero, and the corresponding , spheroid is accordingly 
a sphere. 

The other increases indefinitely. If I is very large, we have, 
assuming the mass M of the liquid to be finite, 


V O 


(i+irf . 3 


Hence 


3M. 1 j , 3M r- , 

lip =-45rpVi+r 


It follows that c ^ o and a 5> infinity. We have 

a figure resembling a disc of infinitely large radius and infinitely 
small central thicknesa 

■?. 8. Jacobi’s Ellipsoids. 

Let IK now take the second alternative of satisfying, 
equation (4) of §7.5 


Jrs^W+ijA 

Wtonx aquations and {3)"^ § ?• 6 wo iiavo 
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" r 


+X)(5*+X) c^+xj A 


=0 ( 11 ) 


SinceSr^a, we have to discuss now the equations 


^ I 

J ‘-( a ^+ x ; 


\d\ 

, (a»+X) (5=‘+X)A 


and, I i =m h 

J °^(a2+X) (i^+X) c*+X ^ A 

To reduce these integrals let us set X=c*a5 we have then 


■^=abo r 


m dx 

{a^-\-<?x ' {h^-\-c^x)-<j{a^-\-(^x) (b^ 4-c“a:)(c®+c*ic) 


=st I X dx , 

J o (1+sa;) (l+te) <t>{x 

where <f> fa)=V(l+sa!) (l+^x) (l+£c), and 


si «s, 

o“ 


And equation (13) becomes 


r “ 

I (1— ‘S— i) X — isx’^ J . 

J . W ) 

J OO r OD 

X dx I af dx 

° mx) J •(*) 


These equations giro s, t when we are given m. The 
pofclem is to reduce th^e equationa 
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Note : From equation (16) it is evident that (1— s — •i)>° gingg 
both the integrals must be positive and s, t are also positive. 
Hence s-\~t< 1. Since s, t are positive, 

therefore s< 1, ^< 1 
or, c“<a® and c* <h^. 
c is the least axis. 

For equilibrium it is necessary that the axis of rotation most 
be the least axia 

7. 9. Discusfflon of equations (14) and (16). 

^ “ s !^r> ^ f( Sfi) 

2*\P t \ * J 

00 

= f 

j o (H«b) il+te)A- 

00 OC 

where A = V {l+sx) (l+ia:) (l+x) 

We proceed to show that ■')'=o has always a root and only 
one root in s for every value of and that the expression h has 
always one value and only one for every value of i or s, with 
its maximum for s=t=to. 

There is in every case one ellipsoid of Jacobi as a figure of 
equilibrium. 

These two equations define a curve of space by means of 
the three variaHee k^s^t. A point P of the curve projects into 
ft point R on plfne, 'Hie cwrdiuates (s, t) of the pcant 

E will clearly satisfy = o. 

j^sneetotiftee fi» aheaiee^pr mirfe it iS; only noeesstuy 
to trace ^ (^j) = o (m the sr-^ plsnaaabdtiiNU 
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point E of this curve an ordinate BP equal to the corresponding 
value of h. The locus of points P is the required curve. 

(i) 'I' {s, t) =0 has only one root in s when i is given 
between zero and one 

Set s-{-t=^p and st = q, 

then dp=^ds-\-dt and dq= td$ -^sdt 

Denoting by A and B the integrals in ^ 

^=-{l-p) A-qB, (17) 

whereA=/^%^.B=/%?. 

Now, A*=(l+a!) (l-f-«B) 

=(l4-») (1+psE -f" 

Differentiating ^ with respect to a 

A-fB+a_p)__3_ 


00 


3A 

8s 


(13J 

If =- 19) 


CO 


Hence (1— j?) |^— ? I ^ 

9“ 


A® 


(1— p— gaj) 


A. -=f dx. 
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B 


CO 

= 8 f 

1-3 J — 


a;s(l-|-g) (1— y— ga?) 


A* 


^x. 


ds 


— ( A+A ,) — (B4-Bi) i = — Ao — B„i,.., (20) 


00 


where (2+ 3aj — ^a; — qx'^) dx 


and similar expression for B^. 
CJonsider now the equation 




= J* ” (4+3£C+pa- 2qx^—Zqx^)dx= j ■ ^- 

= 0* 

00 ' 

Then 2 Ao*=2A — C=| ( ^ \ (1— 

J o Za 

A8p<l,Ao>o. 

From this value of A^ we have 

00 

2Ao+3B„=|(3-p) J 
-I (3 - )pD 

The integral denoted by D being always positive. 

2A„ -I" 3Bo is always positiva 
How we may write 

A,4-B,^=A^(1 — I tH" I (2Ao+3Bo.) 

As we have t< 1, the aeecmd member of tim above equation 



( 255 ) 


3 ^ • 

IB always positive so tliat ^ is always negative. 


Hence 'I' is a decreasing function of s. It varies in the 
same sense and, therefore, cannot be zero for more than once 
when s varies between its limits, t being a given constant He 
same is true with respect to i when s is given. 

Now lot us put s —o and s=l in ^ we have 


f, (i-)-*)i'(i+to) " 

It follows therefore that for a given t<l,'}'=o has one and 
only one root in s between zero and one. Thus if one of the 
two ellipticities is known, so is the other. 

Oonsidering s as a function of t, the functional relation 
being defined by = o, we will have 

dt 8« dt at 

da 

But ‘gj < o ®®d — Zo, hence k negative. Hence s 

Mid t always v»y in opposite directkjna For «= o, t ==1, and 
fi3rt=a,8»l Mbd so <ni fin: evMry value sand & Ibea^pair 
viduns dP ^ mkI It <^« and t daoKi^pdaiSB ano&er psw vhs 




tx and Sx since the expression ^ inTOlves t symmetrically. 
The ellipsoids corresponding to these two pairs of values are 
identical where merely the a and h axes have been interchanged 

The two values of s and t become equal at an intermediate 
value, say we have then for s = t = where is given 


00 CO 



Here A == (1 +to®) V 1-f 

The curve ^ (s,t)^o in the sOt plane can now be traced. 

We notice that 

(i) s,# are essentially positive and lie between 0 and 1; 

(ii) ’J' (s, t) is symmetrical with respect to s rnd t, the 
curve is therefore symmetrical ’ with respect to the 
bisector of angle sOt‘, 

(iii) If 5 = 0 , t = l and vice vercsi; 

(iv) If 5 increases t decreases and vice versa; . 

(v) Since.5-{-t Z 1 the curve is always below the straight 
hnes+t = l; 

(vi) Given a value s, of s between zero and one, there is 
always one and only one '^alue of t corresponding 
to it. TRiat i^ any line thrf^h P parallel to Ot 

I the curVP once tmd once only. • - 

ITie epordinates pfthe point -G sdtuated op th® iis^ctpr of the 

sOt are given ,b^ the.Jirela^pn. ,5=^=<e=*‘^|,9l:wh ch^W^ 

i^ieolate sbOTily. . ThpjCury^ .^.W) ^ ^ - 
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We have now to examine the equation h= f (s^). 


Taking t as deined by the relation M,s^) 
We have 


— <h 


3a 


Zt 





substituting for da, dt from dp=^ds-Vdt and dq=tds + sdt. 


t — s 


dp 
t — -s 


(a^;— t’l'/) 


= — ( — A,, — Bof+A, -1-Boa) 

— Aoa — Boat+Aot-f-Boai), 

t — a 

Substituting.for 'F* and hy their valu^ alr®idy foimd ; 
=Ao dp -f- Bo dq. 

Notv set r a (a— «)*=!?*— 43 , so that 2 p dp=^+i dq- 
r is always poative, beii^ zero for and van^ from o 

to 1. We copmdear as a’ fim(rtK)n r ai^ ? *8 
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function of rdeaued by ^ On replacing the value nf ^ k 

its value in terms of r we have 

A, dr+ (4A,-j-2p BJ dg. 

But 4A„+2p B„ = 4A.+2^ — 20 

= (3— p)B, 

where B and C are integrals already defined. 

Hence ~^2pd^ = A, dr'-b (S-p) B dq^o. 

Smee A, and B are positive, ^ is always <o, 

fe) gi™8 * i» 

fis same \ *' ” * “f “* “ 

[l, “d it is maaimsm for r=o or 


j,A+b) 

= (1— p+?)A = (l-s) (1— . 

o A" ’ 

since from (17), (r-^) ^ 

Hence, ^ 

B« k' * + A=_| Jl ?-p+a.) . ^ 

Yslnee A', aiready found nide equation (18). 

.\dh== i—dp+dq) CZ-^Je 

J o 

~i (1— + «) f -^^0+^) % iBi^) 

Lf ^ A ® : ' :■ . .i* . ; ,'V- 
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( dp-\- dq) (l+«) {l+px -f- qx*) 

-I (l-p + dq). 

• A 


ox,2 p dh=\ 33(1+®) , I, , 

J ^ I (l4'i?«+2®’)( — ^pdp-\-2pdf]^ 


I (I— p+ 2 ) X {^pdp-\-^pxd<^ j- 


roo r 

I OC’ < 

J ' ^5 [ (^'^P^-hgx^X^pdq—^rr—4dq) 


— I (l—p-i'q)a^3pxdq-i~dr+4dq) 


= — I I)(qdr — rdq)-j-ipBdq (J2) 

On taking count of the expression C=o 

-4j?£= 32D— (3rD+^B;^ 

Hence we have always-^ < 0 , since < 0 . 

dr dr 

This proves that h. varies in the opposite sense with r. 

Tho expression for i'P gives if we make s=< 

— i2^={A(j+sBj£tp, for dq=sdp. 

= 0 . 

Hence for s=t, dp=dq=^o diad therefore from (21) (iA=o 
and from (22) drs^o. 

That is, dp=dq^dk=dr^o. 
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Also Ti varies ‘ in the inverse sense as r and dh is zero 
for Hence h increases for s between 1 and t—t and 

decreases for s between and o; h is, therefore, maximum for 
for s=t=io. 

Moreover on replacing dr by its value in terms of da and 

dt we have-^=[ 2{t — s) {— — 1)]^ with — 
ds ds dr ds 

is+ive if t>s and — ^ive if t<s. Hence when s 
as 

increases from o to s remains less than t so that h increases 
when s increases. 

We now proceed to determir e and h^. 

For the two fundamental equation's become 

Too 

^ VI + g 


N'=(l— 2t„)J 




-■/ 


x^dx 


In order to evaluate these integrals let ns put and 

transform the integrals by substituting 1-}-®=——’ 
then resplac^g a by g 




I \ a^l+x^ 

J o(H-Pa!*)= 
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Hence, 


1+3P 

2 




c 


x^d<B 


+r(i+z 




i+r-x^ 

The last intergral on the right hand side is 


3x* — '5+P)a!*— 


g»(l— 

(1 + 


1 

=o. Also 


. l+S;"* j ^ aiVx _;_tan“"^ 

’ * 4Z? “ J , 1 4 


Also for an ellipsoid of revolution, wo have alreadj seen 
(Maclaurin’s spheroid that 


Z 3+ZV -h 
n„ = — tan t — , § 


Eliminating we have 


A 

V 




8+l«*+'i 


= 0. 


For ? = o, the above expression is zero. Its derivative 
1 )(3Z"+1) 

(1-Fz®) (s+HZ'^+a zV 

For Z<1, the derivative is negative, and positive for Z>1. 

The fhnction F, which vanishes for Z=o decreases at first and 

* 1 * 

is negative, hnt when Z>1, it begins to increase and tends to — 
It therefore has only one root for I > 1* This root I is detOTmined 
by the equation F=o. Sab^tntmg for tan its expanraon in 
pow^ of Z in the exprewicm for A, we have 
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, 4i^ 

The calcxilatious give 1*395, fo=‘3396, Ao='i871 
For an ellipsoid of 3 unequal ases to be a possible figure of 

equilibrium-^^ < .1871. This yalue being less than the 

ccorresponding maximum for Maelaurin's spheroids, we algo 
have two Maclaurin ’s ellipsoids of revolution as possible figures 
of equilibrium for the same values of to. 

We may now draw the skew curve defined by the surface 

h=f{st , and cylinder 

Recalling the remar^made in §7.9 we see that points on 
this curve are obtainde<^^y erecting ordinates of the height 
h=f (s,t) at the various points of the plane curve t)=o.fi=o, 
already diawn. 



Ji being symmetrical with respect to s,f ’, the skew curve is 
s ymm etrical with respect to the plane hOs. It is sufficient, 
therefore, to trace the curve on the one side of this plane. 
Starting from point A of the curve %s,t)==o, S = o, we find that 
at this point t =o, 1 and therefore A=o. Hence A is a point 

of the skew curve we are searching. When s decreases from 1. 
to t-, h increases from o to .1071, its maximum value. This 
point is repr^ted by E in the figura To have the ellipsoids 
corresponding to a given value of w, we merely search for the 
two pdnts F, On this curve in which the horizontal plane at 
height h intersects the shew curva These pomts, P',?" are 
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clearly symmetrically situated with respect to the plane JiO$, 
Boths these points give rise to the same ellipsoid as already 
remarked. Only the axes a and b are interchanged 

Remark: When w tends to zero, the limiting form of equili- 
brium assumed by the corresponding ellipsoid of Jacobi is very 
different from that assumed by Maclaurin’s spheroid Here foe 
w=o we have h=o and or t=o, both the valu^ giving 

the same ellipsoid. If s=o, c=o, and a is infinite, 6=o but i 

c 

tends to 1. Hence when w tends to zero, the larger axis extends 
indefinitely, the other two axes shrink indefinitely in such a way 
that their ratio tends to 1. The form of equilibrium is therefcffe 
a needle shaped figure, “ sensibly round but infinitely large.” 
Poincare called it “ Une aiguille allonge ” (See Poincai^'^s 
Figures d’ Equilibre Une Masse Fltnde, page 162)i 

7. 10. Graphical Bepresentation of the results. 

We have found that when 

there are 3 figures of equilibrium: The sphere, the 
elliptic disc, and the elongated needle or “ aiguille 
allongee 


w 


27ryp 


Z .1871 


f 2 Spheroids of Maclaurin, 
L I Ellipsoid of JaoobL 


2-^ VP. 


= .1871 


• • • 


F 


Spheroids of Maclaurin, 

ElIipKjid of Jacobi, which 
in the limiting case is an 
ellipsoid of revolution. 


•1871 Z 


2TTyp 


<.2247.. 




....2 


Spheroids of Maclaurin. 


.2WVP 


=.2247 


#••*«»«•••»«« J 


nan 
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g-iryp 


>.2247.... 


r There are no ellipsoidal forma 


L of equilibrium. 

We have already traced the curve which represents Maclaurins’ 
apheixrida t^ing I as the variable. In order to facilitate corn- 
parisoB with corresponding results pertaining to Jacobi's 

ellipsoid let us take the same variable s= Hence I = jiT^TT 


We have then i= 


2->r\p- 


__ (l-l-2s) tan 

=V« — "" 


3Vs(l-~a) 


(1— s) VI— s 



8 raries from o to 1. For s = o, h — o, and for s == 1, h = o; 
h is maximum for s — T35; for any other value of h less t-b au 
ftis maximum we have two values of s, viz op', op". 

The totality of above results is very simply represented 
graphically. The skew curve in Fig. 2 of § 7*9 is the line of 
JatAi’e eUipaoi(fe and the above curve which lies in the 'plane hOs 
of Fig. 2 of § 7*9 reprints the line of Maclaurin’s spheroids. 
Both the cutv^ are shown in the Fig. below. It is evident 
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that the maximum ordinate GE of the curve of Jacobi’s eilipsoide 
is also an ordinate of the line of Maclaurin’s spheroids so that 
E is the common point of the two curves. Moving along the 
line of Maclaurin’s spheroids from the point S (which corres- 
ponds to a sphere) we reach point E. The ellipsoid represented 
by the point E is common to both series viz. the series of 
spheroids and the series of ellipsoids. At E the series of 
Maclaurin’s spheroids “bifurcates ” into that of Jacobi’s ellipsoids. 
The e lipsoid represented by E is called the “ellipsoid of bifurca- 
tion ” Ihus the various forms of equilibrium constitute a con- 
tinuous seri^ or a “ linear ” series when w is regarded as a 
variable parameter, the series of Maclaurin’s spheroids bifurcating 
into the series of Jacobi’s tllipsoida 

For further details reference may be made to Appell’s 
Mecanique Rationnell tome IV, Pokcare’s Figure' d Equilibre 
(Pune Masse Fluids, and “Astronomy and (>Tsmogony” by Jeans. 

(l) Show that an elliptic cybnd r is a possible form of 
equilibrium for an infinite mass of homogeneous gravitating 
liquid, rotating as if rigid, about the axis of the cylinder 

If a, h be the semi-axes of the cylinder an ic the angular 
velicity, prove that 

0— h I 

a+b \i^ '^VP ’ 


P being the density of of the liquid Deduce that elliptic 
cylinder cannot be a possible form of equilibrium unless 


[Hint; The potential V! at an internal point (a:,y) is given 


byV, = - + 


Ex (2) A solid gravltt^ing sphere of radius a aaad density 
l^iS'^i^nded by grl^tating liquid of vohMn6‘ ^ (5*— «* 
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and density a. Show that the form of the free surface of the 
liquid is the spheroid of small ellipticity s given by 

r=6{l-? e P, 

, ^ IQW^ P 

8^ { 0 ^P— <t) a -\-2(xh" } 

Pj, being Legendre’s coefficient of the 2nd order. 

(I. C S., 1935) 


To solve this probkm we recall the fact that the potential 
of a liquid of density a bounded by a surface r= J (l+>t P^) at 
an internal point is given by 




- X P 


] 


Hence the potential of a solid sphere of density P and of a 
homogeneous liquid of densiiy a surrounding the sphere and 
bounded by the surface r=S Pa) 




I a 4- 




+ flP- 


cr)- 


For equilibrium to be possible 


Vi-i oi^ (r®— 2 *) = Vi— r®(l — 
=V, — i — *)since P 2 = 

O 


COS^B) 

3co8®e- ij 
2 


=Vi-?^^"(l-P,) 

must be constant over the surface r^h (l+XP^.) 

Replacing r ^ (l-p-tP*) mad neglectiag powers of X 
higher than unity aiwi products of »^and X, this expression 
reduces to 
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As this must be a constant, the coefficient of P, must be 

zero. 


4^x 1 I = - 

1 3 5 36 j 3 


or, 


5a.°6^ 

4’r { 5(p— a) o*4-2<t6® } 


Hence 


E=- 


X = 




8 ^ { 5(P—<r) a’‘+2cd* } 


Ex. (3): A homogeneous gravitating fluid jost do^ 
not fill a rigid envelope in the form of an oblate spheroid. The 
fluid is rotating in relative equilibrium round the polar axis with 
kinetic energy E. K it rotates with kinetic energy Ej the 
envelope is a free surface of zero pressure. Prove that for ail 
T^ues of E whether greater or less than Ei, the tension per 
* unit length across the equatorial section of the envelope is 


15 E-E 
32 A 


where A is the area of a polar section of the ellipsoid. 

(I. 0, S. 1933. Higher Applied Mathematic's) 

Ex. ^4) : Prove that the ellipticity e of a nearly 
spherical mass of liquid rotating round its axis of symmetry la 

CO being the angular velocity 


Ex. (5): Two gravitating liquids which do not mix 
and whose densities sore P, <t (P><r) are enebsed in a rigid 
spherical envelope. The whole rotate in relative eqnililMium 
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with a small uniform angular velocity to about a diameter of the 
sphere. Show that the possible form of cojnmon surface of 

tile two liquids is an oWate spheroid of ellipticity ^ ‘ 

Ex. (6) : A mass of homogeneous liquid of density P 
subject to its own gravitation and the gravitational attraction 
of any niunber of other external masses If the liquid rotates 
roimd an axis with angular velocity w, prove that relative 
equilibrium is imposfflble, whatever may be tbe form assumed 

by the liquid mass, if — > 1 

(Pdneare’s Theorem) 

For equilibrium to exist it is necessary that the resultant of 
the forces of attraction and centrifugal force, be directed towards 
the interior of the liquid, for otherwise a pan will be detached, 

us take the axis of rotation as * - axis and ox, oy 
two other lines perpendicular to it as axesofa; and_y respectively, 
Let V be the potential of the external masses at any point 
inside the liquid mass or on its surface. Let V' be the potential 
of the liquid inass itself at the same point. 

If, therefore, we set 

U=V4-V' — (a;^+y‘), 

the force per unit mass acting at a point of the liquid is 
derivable fro i> the potential U. At a point on the free surface 

force along the outward normal is, therefore, 

0n 

KoW by Green’s -heerem 

//s 

s^r^^ int^ral takiai @n the smface and 

vcJuBie die liquid 
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But A*V=o and V®V'=4'^P, by Poisson’s Theorem. 

•’■Jff A^'Udv==j' J |".;4’^xP— 

=2 (2’rxP — w^) r, 

where v is the volume of the liquid mswi 

I’^YP f is clearly negativa 

Hence is negative 

or,^ is'positive. 


But (~^^) at any point on the face surface is the resultant 
force acting along the outward normal It follows from the above. 


1^) is positive at some points of the surface, that is the 

resultant of the forces of attraction and centrifugal force at some 
points of the free surface acts outward. tCquilibrium is therrfcMe 
impossible. 




